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Abstract

In this study, we examine Quasi bi-slant conformal submersions originating from a Kenmotsu
manifold, focusing on the vertical Reeb vector field ξ . Initially, we explore the integrability
conditions for the distributions defined by quasi-bi-slant submersions. Furthermore, we delve
into the geometry of the associated leaves. The research concludes by presenting two intriguing
observations regarding the pluriharmonicity of Quasi Bi-Slant Conformal Submersions and includes
several non-trivial examples of such submersions.
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1 Introduction

Immersions and submersions play crucial roles in differential geometry, with slant submersions
being a particularly intriguing subject in the fields of differential, complex, and contact geome-
try. The study of Riemannian submersions between Riemannian manifolds was first explored by
O’Neill [24] and Gray [12], independently, and subsequently led to investigations of Riemannian
submersions between almost Hermitian manifolds, known as almost Hermitian submersions, by
Watson in 1976 [38]. Riemannian submersions have many applications in mathematics and physics,
especially in Yang-Mills theory ([7], [39]) and Kaluza-Klein theory ([18], [22]).

Semi-invariant submersions, a generalization of holomorphic submersions and anti-invariant
submersions, were introduced by Sahin in 2013 [32]. In 2016, Tatsan, Sahin, and Yanan studied
hemi-slant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds,
and presented several decomposition theorems for them [37]. R. Prasad et al. further examined quasi
bi-slant submersions from almost contact metric manifolds onto Riemannian manifolds [26], as
well as from Kenmotsu manifolds [27], which represents a step forward in the study of Riemannian
submersions.

Since then, many authors have explored different types of Riemannian submersions, including
anti-invariant submersions ([4], [31]), slant submersions [10], [33], semi-slant submersions ([16],
[25]), and hemi-slant submersions ([36], [1]), from both almost Hermitian manifolds and almost
contact metric manifolds. These studies have greatly expanded our understanding of the geometrical
structures of Riemannian manifolds.

The concept of almost contact Riemannian submersions from almost contact manifold was
introduced by Chinea in [8]. Chinea also examined the fibre space, base space and total space using
a differential geometric perspective. To generalize Riemannian submersions, Gundmundsson
and Wood [14, 15] presented horizontally conformal submersion, defined as: Let (M1,g1) and
(M2,g2) be two Riemannian manifolds of dimension m1 and m2, respectively. A smooth map
J : (M1,g1)→ (M2,g2) is called a horizontally conformal submersion, if there is a positive function
λ such that

λ
2g1(X1,X2) = g2(J∗X1,J∗X2), (1.1)

for all X1,X2 ∈ Γ(kerJ)⊥. Thus, Riemannian submersion is a particular horizontally conformal
submersion with λ = 1. Later on, Fuglede [13] and Ishihara [20] separately studied horizontally
conformal submersions. Additionally various other kind of submersions such as, conformal slant
submersions [3], conformal anti-invariant submersions [34], conformal semi-slant submersions
[2], conformal semi-invariant submersions [5] and conformal anti-invariant submersions [27] have
been studied by Akyol and Sahin and R. Prasad et al [28]. Furthermore, Shuaib and Fatima
recently explored conformal hemi-slant Riemannian submersions from almost product manifolds
onto Riemannian manifolds [35].

12



The Islamic University journal of applied sciences (JESC), Issue I, Volume VI, July, 2024

In this paper, we study quasi bi-slant conformal submersions from Kenmotsu manifold onto
a Riemannian manifold considering the Reeb vector field ξ vertical. This paper is divided into
six sections. Section 2 contains definitions of almost contact metric manifolds and, in particular,
Kenmotsu manifolds. In section 3, fundamental results for quasi bi-slant conformal submersion
are investigated, which are necessary our main results. The conditions of integrability and totally
geodesicness of distributions are explored in Section 4. Section 5 provides some condition under
which a Riemannian submersion becomes totally geodesic as well as some decomposition theorems
for quasi bi-slant conformal submersion are obtained. The last section discusses φ -pluriharmonicity.

Note: Throughout the paper, we will consider abbreviations as follows:
Riemannian submersion- RS, Riemannian Manifold- RM, Almost contact metric manifold-ACM
manifold, Quasi bi-slant conformal submersion- QBS C S , gradient- G.

2 Preliminaries

Let M be a (2n+1)-dimensional almost contact manifold with almost contact structures (φ ,ξ ,η),
where a (1,1) tensor field φ , a vector field ξ and a 1-form η satisfying

φ
2 =−I +η ⊗ξ , φξ = 0, η ◦φ = 0, η(ξ ) = 1, (2.2)

where I is the identity tensor. The almost contact structure is said to be normal if N +dη ⊗ξ = 0,
where N is the Nijenhuis tensor of φ . Suppose that a Riemannian metric tensor g is given in M and
satisfies the condition

g(φÛ ,φV̂ ) = g(Û ,V̂ )−η(Û)η(V̂ ), η(Û) = g(Û ,ξ ). (2.3)

Then (φ ,ξ ,η ,g)-structure is called an almost contact metric structure. Define a tensor field Φ of
type (0,2) by Φ(X̂ ,Ŷ ) = g(φ X̂ ,Ŷ ). If dη = Φ, then an almost contact metric structure is said to be
normal contact metric structure. Let Φ be the fundamental 2-form on M, i.e, Φ(Û ,V̂ ) = g(Û ,φV̂ ).
If Φ = dη , M is said to be a contact manifold. If ξ is a Killing vector field with respect to g, the
contact metric structure is called a K-contact structure.

S.Tanno [30], who categorized connected, almost contact metric manifolds with the largest
automorphism groups. The sectional curvature of a plane section containing ξ for such a manifold
is a constant c. This classification includes classes of warped products with c < 0 is R× f Cn. The
tensorial equation of these manifolds are:

(∇Û φ)V̂ = g(φÛ ,V̂ )ξ −η(V̂ )φÛ . (2.4)
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Kenmotsu [21], investigated a few basic differential geometric features of these spaces, giving rise
to the name Kenmotsu manifolds. It is also apparent on a Kenmotsu manifold M that

∇Û ξ =−φ
2Û = Û −η(Û)ξ , (2.5)

The covariant derivative of φ is defined by

(∇Û1
φ)V̂1 = ∇Û1

φV̂1 −φ∇Û1
V̂1, (2.6)

for any vector fields Û1,V̂1 ∈ Γ(T M). Now we outline conformal submersion and examine several
relevant results that assist us attain our major goals.

Definition 2.1 [6] Let J be a Riemannian submersion (RS) from an ACM manifold (B̄1,φ ,ξ ,η ,g1)

onto a Riemannian manifold (RM) (B̄2,g2). Then J is called a horizontally conformal submersion,
if there is a positive function λ such that

g1(Û1,V̂1) =
1

λ 2 g2(J∗Û1,J∗V̂1), (2.7)

for any Û1,V̂1 ∈ Γ(kerJ∗)⊥. It is obvious that every RS is a particularly horizontally conformal
submersion with λ = 1.

Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a RS. A vector field X̂ on B̄1 is called a basic vector field
if X̂ ∈ Γ(kerJ∗)⊥ and J-related with a vector field X̂ on B̄2 i.e J∗(X̂(q)) = X̂J(q) for q ∈ B̄1.

The formulas provide the two (1,2) tensor fields T and A by O’Neill are

AE1F1 = H ∇H E1V F1 +V ∇H E1H F1, (2.8)

TE1F1 = H ∇V E1V F1 +V ∇V E1H F1, (2.9)

for any E1,F1 ∈ Γ(T B̄1) and ∇ is Levi-Civita connection of g1. Note that a RS J : (B̄1,φ ,ξ ,η ,g1)→
(B̄2,g2) has totally geodesic fibers if and only if T vanishes identically. From equations (2.8) and
(2.9), we can deduce

∇Û1
V̂1 = TÛ1

V̂1 +V ∇Û1
V̂1 (2.10)

∇Û1
X̂1 = TÛ1

X̂1 +H ∇Û1
X̂1 (2.11)

∇X̂1
Û1 = AX̂1

Û1 +V1∇X̂1
Û1 (2.12)

∇X̂1
Ŷ1 = H ∇X̂1

Ŷ1 +AX̂1
Ŷ1 (2.13)

for any vector fields Û1,V̂1 ∈ Γ(kerJ∗) and X̂1,Ŷ1 ∈ Γ(kerJ∗)⊥ [11].
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It is obvious that T and A are skew-symmetric, that is

g(AX̂ E1,F1) =−g(E1,AX̂ F1),g(TV̂ E1,F1) =−g(E1,TV̂ F1), (2.14)

for any vector fields E1,F1 ∈ Γ(TpB̄1).

Definition 2.2 A horizontally conformally submersion J : B̄1 → B̄2 is called horizontally homothetic
if the gradient (G) of its dilation λ is vertical, i.e.,

H(Gλ ) = 0, (2.15)

at p ∈ T M1, where H is the complement orthogonal distribution to ν = kerJ∗ in Γ(TpM).

The second fundamental form of smooth map J is provided by the formula

(∇J∗)(Û1,V̂1) = ∇
J
Û1

J∗V̂1 − J∗∇Û1
V̂1, (2.16)

and the map be totally geodesic if (∇J∗)(Û1,V̂1) = 0 for all Û1,V̂1 ∈ Γ(TpM) where ∇ and ∇J∗ are
Levi-Civita and pullback connections.

Lemma 2.1 Let J : B̄1 → B̄2 be a horizontal conformal submersion. Then, we have

(i) (∇J∗)(X̂1,Ŷ1) = X̂1(lnλ )J∗(Ŷ1)+ Ŷ1(lnλ )J∗(X̂1)−g1(X̂1,Ŷ1)J∗(grad lnλ ),

(ii) (∇J∗)(Û1,V̂1) =−J∗(TÛ1
V̂1),

(iii) (∇J∗)(X̂1,Û1) =−J∗(∇X̂1
Û1) =−J∗(AX̂1

Û1)

for any horizontal vector fields X̂1,Ŷ1 and vertical vector fields Û1,V̂1 [6].

3 Quasi bi-slant conformal submersions

Definition 3.1 Let (B̄1,φ ,ξ ,η ,g1) be a ACM manifold and (B̄2,g2) a Riemannian manifold. A RS
J : B̄1 → B̄2 is called quasi bi-slant conformal submersion (QBS C S ) if there exists mutually
orthogonal distributions D, Dθ1 and Dθ2 with kerJ∗ =D⊕Dθ1⊕Dθ2 where, D is invariant under
φ . i.e., φD=D, for the slant distributions φDθ1 ⊥Dθ1 , φDθ2 ⊥Dθ2 and for any non-zero vector
field V̂i ∈ (Dθi

)pi, pi ∈ B̄i the angle θi between (Dθi
)pi and φV̂i is constant and independent of the

choice of the point pi and V̂i ∈ (Dθi
)p, for i = 1,2, where θ1 and θ2 are called the slant angles of

submersion.

If we suppose m1, m2 and m3 are the dimensions of D, Dθ1 and Dθ2 respectively, then we have the
following:
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(i) If m1 ̸= 0, m2 = 0 and m3 = 0, then J is an invariant submersion.

(ii) If m1 ̸= 0, m2 ̸= 0,0 < θ1 <
π

2 and m3 = 0, then J is a proper semi-slant submersion.

(iii) If m1 = 0, m2 = 0 and m3 ̸= 0, 0 < θ2 <
π

2 , then J is a slant submersion with slant angle θ2.

(iv) If m1 = 0,m2 ̸= 0, 0 < θ1 <
π

2 and m3 ̸= 0,θ2 =
π

2 ,then J proper hemi-slant submersion.

(v) If m1 = 0,m2 ̸= 0, 0 < θ1 <
π

2 and m3 ̸= 0, 0 < θ2 <
π

2 , then J is proper bi-slant submersion
with slant angles θ1 and θ2.

(vi) If m1 ̸= 0,m2 ̸= 0, 0 < θ1 < π

2 and m3 ̸= 0, 0 < θ2 < π

2 , then J is proper quasi bi-slant
submersion with slant angles θ1 and θ2. ”

Let J be a QBS C S from an ACM manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2). Then, for
any U ∈ (kerJ∗), we have

Û = P1Û +P2Û +P3Û (3.17)

where P1,P2 and P3 are the projections morphism onto D,Dθ1, and Dθ2 . Now, for any Û ∈ (kerJ∗),
we have

φÛ = ωÛ +χÛ (3.18)

where ωÛ ∈ Γ(kerJ∗) and χÛ ∈ Γ(kerJ∗)⊥. From equations (3.17) and (3.18), we have

φÛ =φ(P1Û)+φ(P2Û)+φ(P3Û)

=ω(P1Û)+χ(P1Û)+ω(P2Û)+χ(P2Û)+ω(P3Û)+χ(P3Û).

Since φD=D and χ(P1Û) = 0, we have

φÛ = ω(P1Û)+ω(P2Û)+χ(P2Û)+ω(P3Û)+χ(P3Û).

Hence we have the decomposition as :

φ(kerJ∗) = ωD⊕ωDθ1 ⊕ωDθ2 ⊕χDθ1 ⊕χDθ2. (3.19)

From equations (3.19), we have the following decomposition

(kerJ∗)⊥ = χDθ1 ⊕χDθ2 ⊕µ, (3.20)

where µ is the orthogonal complement to χDθ1 ⊕ χDθ2 in (kerJ∗)⊥ such that µ = (φ µ)⊕< ξ >

and µ is invariant with respect to φ . Now, for any X̂ ∈ Γ(kerJ∗)⊥, we have

φ X̂ = tX̂ +nX̂ (3.21)
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where tX̂ ∈ Γ(kerJ∗) and nX̂ ∈ Γ(kerJ∗)⊥.

Lemma 3.1 Let (B̄1,φ ,ξ ,η ,g1) be an ACM manifold and (B̄2,g2) be a RM. If J : B̄1 → B̄2 is a
QBS C S , then we have

−Û +η(Û)ξ = ω
2Û + tχÛ , χωÛ +nχÛ = 0,

−X̂ = χtX̂ +n2X̂ , ωtX̂ + tnX̂ = 0,

for Û ∈ Γ(kerJ∗) and X̂ ∈ Γ(kerJ∗)⊥.

Proof. On using equations (2.2), (3.18) and (3.21), we get the desired results. Since
J : B̄1 → B̄2 is a QBS C S , Then let us provide some helpful findings that will be utilise
throughout the paper.

Lemma 3.2 Let J be a QBS C S from an ACM manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2),
then we have

(i) ω2Û =−cos2θ1Û ,

(ii) g1(ωÛ ,ωV̂ ) = cos2 θ1 g1(Û ,V̂ ),

(iii) g(χÛ ,χV̂ ) = sin2
θ1 g1(Û ,V̂ ),

for any vector fields Û ,V̂ ∈ Γ(Dθ1).

Lemma 3.3 Let J be a QBS C S from an ACM manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2),
then we have

(i) ω2Ẑ =−cos2θ2 Ẑ,

(ii) g1(ωẐ,ωŴ ) = cos2 θ2 g1(Ẑ,Ŵ ),

(iii) g1(χẐ,χŴ ) = sin2
θ2 g1(Ẑ,Ŵ ),

for any vector fields Ẑ,Ŵ ∈ Γ(Dθ2).

Proof. The proof of the preceding Lemmas is identical to the proof of Theorem (2.2) of [9].
As a result, we omit the proofs.

Let us suppose that (B̄2,g2) be a Riemannian manifold and (B̄1,φ ,ξ ,η ,g1) be a Kenmotsu
manifold. We now analyse how the Kenmotsu structure on B̄1 influences the tensor fields T and
A of QBS C S J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2).
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Lemma 3.4 Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2),
then we have

AX̂ nŶ +V ∇X̂ tŶ = tH ∇X̂Ŷ +ωAX̂Ŷ +g1(φ X̂ ,Ŷ )ξ (3.22)

H ∇X̂ nŶ +AX̂ tŶ = nH ∇X̂Ŷ +χAX̂Ŷ (3.23)

V ∇X̂ ωV̂ +AX̂ χV̂ = tAX̂V̂ +ωV ∇X̂V̂ +g1(tX̂ ,Û)ξ −η(Û)tX̂ (3.24)

AX̂ ωV̂ +H ∇X̂ χV̂ = nAX̂V̂ +χV ∇X̂V̂ −η(Û)nX̂ (3.25)

V ∇V̂ tX̂ +TV̂ nX̂ = ωTV̂ X̂ + tH ∇V̂ X̂ +g1(X̂ ,φV̂ )ξ (3.26)

TV̂ tX̂ +H ∇V̂ nX̂ = χTV̂ X̂ +nH ∇V̂ X̂ (3.27)

V ∇Û ωV̂ +TÛ χV̂ −ωV ∇ÛV̂ = tTÛV̂ +g1(φÛ ,V̂ )ξ −η(V̂ )ωÛ (3.28)

TÛ ωV̂ +H ∇Û χV̂ = nTÛV̂ +χV ∇ÛV̂ −η(V̂ )χÛ , (3.29)

for any vector fields Û ,V̂ ∈ Γ(kerJ∗) and X̂ ,Ŷ ∈ Γ(kerJ∗)⊥.

Proof. From (3.21), (2.13) and (2.6), we obtained the conditions (3.22) and (3.23). Again
using equations (3.18), (3.21), (2.10)-(2.13) and (2.6), finish he result. We will now go through
some key conclusions that can be utilized to examine the geometry of QBS C S J : B̄1 → B̄2.
From the direct calculations, we can conclude the following:

(∇Û ω)V̂ = V ∇Û ωV̂ −ωV ∇ÛV̂ (3.30)

(∇Û χ)V̂ = H ∇Û χV̂ −χV ∇ÛV̂ (3.31)

(∇X̂ t)Ŷ = V ∇X̂ tŶ − tH ∇X̂Ŷ (3.32)

(∇X̂ n)Ŷ = H ∇X̂ nŶ −nH ∇X̂Ŷ , (3.33)

for any vector fields Û ,V̂ ∈ Γ(kerJ∗) and X̂ ,Ŷ ∈ Γ(kerJ∗)⊥.

Lemma 3.5 Let (B̄1,φ ,ξ ,η ,g1) be a Kenmotsu manifold and (B̄2,g2) be a RM. If J : B̄1 → B̄2 is
a QBS C S , then we have

(∇Û ω)V̂ = tTÛV̂ −TÛ χV̂ +g1(φÛ ,V̂ )ξ −η(V̂ )ωÛ

(∇Û χ)V̂ = nTÛV̂ −TÛ ωV̂ −η(V̂ )χÛ

(∇X̂ t)Ŷ = ωAX̂Ŷ −AX̂ nŶ +g1(φ X̂ ,Ŷ )ξ

(∇X̂ n)Ŷ = χAX̂Ŷ −AX̂ tŶ ,

for all vector fields Û ,V̂ ∈ Γ(kerJ∗) and X̂ ,Ŷ ∈ Γ(kerJ∗)⊥.
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Proof. From some basic facts and taking account the fact from equations (2.6), (2.10)-
(2.13) and equations (3.30)-(3.33), we can obtained the results. The tensor fields ω and χ , if they
are parallel with regard to the connection ∇ of B̄1, then we obtain

tTÛV̂ = TÛ χV̂ , nTÛV̂ = TÛ ωV̂

for any vector fields Û ,V̂ ∈ Γ(T B̄1).

4 Integrability and totally geodesicness of distributions

Since (B̄1,φ ,ξ ,η ,g1) stands for a Kenmotsu manifold and (B̄2,g2) for a Riemannian manifold
such that J : B̄1 → B̄2 is a QBS C S . Three mutually orthogonal distributions, including an
invariant distribution D and a pair of slant distributions Dθ1 and Dθ2 , are assured by the theory of
QBS C S . The integrability of slant distribution is assessed to begin the debate on distributions
integrability in the following manner.

Theorem 4.1 Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2).
Then slant distribution Dθ1 is integrable if and only if

1
λ 2{g2(−∇

J
Û1

J∗χV̂1 +∇
J
V̂1

J∗χÛ1,J∗χP3Ẑ)}

=
1

λ 2{g2((∇J∗)(Û1,χV̂1)+(∇J∗)(V̂1,χÛ1),J∗χP3Ẑ)}

−g1(∇V̂1
χωÛ1 −∇Û1

χωV̂1, Ẑ)−g1(TÛ1
χV̂1 −TV̂1

χÛ1,φP1Ẑ +ωP3Ẑ),

(4.34)

for any Û1,V̂1 ∈ Γ(Dθ1) and Ẑ ∈ Γ(D⊕Dθ2⊕< ξ >).

Proof. For all Û1,V̂1 ∈ Γ(Dθ1) and Ẑ ∈ Γ(D⊕Dθ2⊕ < ξ >) with using equations (2.3),
(2.6), (2.4) and (3.18), we get

g1([Û1,V̂1], Ẑ) = g1(∇Û1
ωV̂1,φ Ẑ)+g1(∇Û1

χV̂1,φ Ẑ)−g1(∇V̂1
ωÛ1,φ Ẑ)

−g1(∇V̂1
χÛ1,φ Ẑ).

By using equations (2.6), (2.4) and (3.18), we have

g1([Û1,V̂1], Ẑ) =−g1(∇Û1
ω

2V̂1, Ẑ)−g1(∇Û1
χωV̂1, Ẑ)+g1(∇V̂1

ω
2Û1, Ẑ)

+g1(∇V̂1
χωÛ1, Ẑ)+g1(∇Û1

χV̂1,φP1Ẑ +ωP3Ẑ +χP3Ẑ)

−g1(∇V̂1
χÛ1,φP1Ẑ +ωP3Ẑ +χP3Ẑ).
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Taking account the fact of Lemma 3.2 with equation (2.11), we get

g1([Û1,V̂1], Ẑ) = cos2
θ1g1([Û1,V̂1], Ẑ)+g1(∇V̂1

χωÛ1 −∇Û1
χωV̂1, Ẑ)

+g1(TÛ1
χV̂1 −TV̂1

χÛ1,φP1Ẑ +ωP3Ẑ)

+g1(H ∇Û1
χV̂1 −H ∇V̂1

χÛ1,χP3Ẑ).

On using equation (2.7), formula (2.16) with Lemma 2.1, we finally get

sin2
θ1g1([Û1,V̂1], Ẑ)

=
1

λ 2{g2((∇J∗)(Û1,χV̂1),J∗χP3Ẑ)+g2((∇J∗)(V̂1,χÛ1),J∗χP3Ẑ)}

+g1(TÛ1
χV̂1 −TV̂1

χÛ1,φP1Ẑ +ωP3Ẑ)+g1(∇V̂1
χωÛ1 −∇Û1

χωV̂1, Ẑ)

1
λ 2{g2(∇

J
Û1

J∗χV̂1 −∇
J
V̂1

J∗χÛ1,J∗χP3Ẑ)}.

The condition of integrability for Dθ2 can be determined in the same way, as shown below:

Theorem 4.2 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a QBS C S , where (B̄1,φ ,ξ ,η ,g1) a Ken-
motsu manifold and (B̄2,g2) a RM. Then slant distribution Dθ2 is integrable if and only if

− 1
λ 2{g2((∇J∗)(Û2,χV̂2)− (∇J∗)(V̂2,χÛ2),J∗χP2Ẑ)}

= g1(TV̂2
χωÛ2 −TÛ2

χωV̂2, Ẑ)+g1(TÛ2
χV̂2 −TV̂2

χÛ2,φP1Ẑ +ωP2Ẑ)

+
1

λ 2{g2(∇
J
Û2

J∗χV̂2 −∇
J
V̂2

J∗χÛ2,J∗χP2Ẑ)},

for any Û2,V̂2 ∈ Γ(Dθ2) and Ẑ ∈ Γ(D⊕Dθ1⊕< ξ >).

Proof. On using equations (2.3), (2.4), (2.6) and (3.18), we have

g1([Û2,V̂2], Ẑ) = g1(∇V̂2
ω

2Û2, Ẑ)+g1(∇V̂2
χωÛ2, Ẑ)−g1(∇Û2

ω
2V̂2, Ẑ)

−g1(∇Û2
χωV̂2, Ẑ)+g1(∇Û2

χV̂2 −∇V̂2
χÛ2,φ Ẑ),

for any Û2,V̂2 ∈ Γ(Dθ2) and Ẑ ∈ Γ(D⊕Dθ1⊕< ξ >). From equation (2.11) and Lemma 3.3, we
get

sin2
θ2g1([Û2,V̂2], Ẑ) = g1(TV̂2

χωÛ2 −TÛ2
χωV̂2, Ẑ)+g1(TÛ2

χV̂2 −TV̂2
χÛ2,φP1Ẑ +ωP2Ẑ)

+g1(H ∇Û2
χV̂2 −H ∇V̂2

χÛ2,χP2Ẑ).
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Since J is QBS C S , using conformality condition with equations (2.7) and (2.16), we finally get

sin2
θ2g1([Û2,V̂2], Ẑ) = g1(TV̂2

χωÛ2 −TÛ2
χωV̂2, Ẑ)+g1(TÛ2

χV̂2 −TV̂2
χÛ2,φP1Ẑ +ωP2Ẑ)

+
1

λ 2{g2((∇J∗)(Û2,χV̂2)− (∇J∗)(V̂2,χÛ2),J∗χP2Ẑ)}

+
1

λ 2{g2(∇
J
Û2

J∗χV̂2 −∇
J
V̂2

J∗χÛ2,J∗χP2Ẑ)}.

This completes the proof of the theorem.
Given that slant distributions and the invariant distribution are mutually orthogonal. This

inspired us to look into the prerequisites for the integrability of the invariant distribution D.

Theorem 4.3 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a QBS C S , where (B̄1,φ ,ξ ,η ,g1) a Ken-
motsu manifold and (B̄2,g2) a RM. Then the invariant distribution D is integrable if and only
if

g1(TÛ ωP1V̂ −TV̂ ωP1Û ,χP2Ẑ +χP3Ŵ )

=−g1(V ∇Û ωP1V̂ −V ∇V̂ ωP1Û ,ωP2Ẑ +ωP3Ẑ),
(4.35)

for any Û ,V̂ ∈ Γ(D) and Ẑ ∈ Γ(Dθ1 ⊕Dθ2⊕< ξ >).

Proof. For all Û ,V̂ ∈ Γ(D) and Ẑ ∈ Γ(Dθ1 ⊕Dθ2⊕ < ξ >) with using equations (2.3),
(2.4), (2.10) and decomposition (3.17), we have

g1([Û ,V̂ ], Ẑ) = g1(∇Û ωP1V̂ ,φP2Ẑ +φP3Ẑ)−g1(∇V̂ ωP1Û ,φP2Ẑ +φP3Ẑ).

On using equation (3.18), we finally have

g1([Û ,V̂ ], Ẑ) = g1(TÛ ωP1V̂ −TV̂ ωP1Û ,χP2Ẑ +χP3Ẑ)

+g1(V ∇Û ωP1V̂ −VAV̂ ωP1Û ,ωP2Ẑ +ωP3Ẑ).

This completes the proof of theorem.
After describing the necessary conditions for distributions integrability, we will move on to

the necessary and sufficient conditions that must also exist in order for distributions to be totally
geodesic. We begin by looking into the prerequisites and criteria for totally geodesic distributions.

Theorem 4.4 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be QBS C S from a Kenmotsu manifold onto a
Riemannian manifold. (B̄2,g2). Then D is not defines totally geodesic foliation on B̄1.

Proof. Taking the vector fields Ẑ,V̂ ∈ Γ(D) and since V̂ and ξ are orthogonal, we have

g(∇ÛV̂ ,ξ ) =−g(Ṽ ,∇Û ξ )
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By considering equation (2.8), we get

g(∇ÛV̂ ,ξ ) =−g(Û ,V̂ ).

For Û ,V̂ ∈Γ(D),g(Û ,V̂ ) ̸= 0, that is g(∇ÛV̂ ,ξ ) ̸= 0. Hence, the distribution is not totally geodesic.
Since, the invariant distribution is not defines totally geodesic foliation on B̄1, therefore, we discuss
the geometry of leaf of distribution D⊕< ξ >.

Theorem 4.5 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a QBS C S , where (B̄1,φ ,ξ ,η ,g1) a Ken-
motsu manifold and (B̄2,g2) a RM. Then invariant distribution D⊕< ξ > defines totally geodesic
foliation on B̄1 if and only if

(i) λ−2g2{((∇J∗)(Û ,φV̂ ),J∗χẐ)}= g1(V ∇Û φV̂ ,ωẐ)

(ii) λ−2{g2((∇J∗)(Û ,φV̂ ),J∗nX̂)}= g1(V ∇Û φV̂ , tX̂),

for any Û ,V̂ ∈ Γ(D⊕< ξ >) and Ẑ ∈ Γ(Dθ1 ⊕Dθ2), X̂ ∈ Γ(KerJ∗)⊥.

Proof. For any Û ,V̂ ∈ Γ(D) and Ẑ ∈ Γ(Dθ1 ⊕Dθ2) with using equations (2.3), (2.4), (2.6)
and (3.18), we may write

g1(∇ÛV̂ , Ẑ) = g1(V ∇Û φV̂ ,ωẐ)+g1(TÛ φV̂ ,χẐ).

On using the conformality of J with equation (2.7) and (2.16), we get

g1(∇ÛV̂ , Ẑ) = g1(V ∇Û φV̂ ,ωẐ)−λ
−2g2((∇J∗)(Û ,φV̂ ),J∗χẐ).

On the other hand, using equations (2.3), (2.4), (2.6) with conformality of J with X̂ ∈ Γ(KerJ∗)⊥,
we finally have

g1(∇ÛV̂ , X̂) = g1(V ∇Û φV̂ , tX̂)−λ
−2g2((∇J∗)(Û ,φV̂ ),J∗nX̂),

from which we get the desired result.

Theorem 4.6 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be QBS C S from a Kenmotsu manifold onto a
Riemannian manifold. (B̄2,g2). Then Dθ1 is not defines totally geodesic foliation on B̄1.

Proof. Taking the vector fields X̂ ,Ŷ ∈ Γ(Dθ1) and since Ŷ and ξ are orthogonal, we have

g(∇X̂Ŷ ,ξ ) =−g(Ỹ ,∇X̂ ξ )
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By considering equation (2.8), we get

g(∇X̂Ŷ ,ξ ) =−g(X̂ ,Ŷ ).

For X̂ ,Ŷ ∈ Γ(Dθ1),g(X̂ ,Ŷ ) ̸= 0, that is g(∇X̂Ŷ ,ξ ) ̸= 0. Hence, the distribution is not totally
geodesic.

In same manner, we can examine the geometry of leaves of Dθ1 ⊕ξ as follows:

Theorem 4.7 Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2).
Then slant distribution Dθ1 ⊕ξ defines totally geodesic foliation on B̄1 if and only if

1
λ 2 g2(∇

J
Ẑ
J∗χP2Ŵ ,J∗χP3Ŵ )

= cos2
θ1g1(∇ẐP2Ŵ ,Û)−g1(TẐχωP2Ŵ ,Û)+g1(TẐχωP2Ŵ ,φP1Û)

+g1(TẐχP2Ŵ ,ωP3Û − 1
λ 2 g2((∇J∗)(χP2Ŵ , Ẑ),J∗P3Û)−g1(φ Ẑ,Û)η(P2Ŵ ).

(4.36)

and

λ
−2{g2(∇

J
Ẑ
J∗χωP2Ŵ ,J∗X̂)}+η(P2Ŵ )g1(φ Ẑ, X̂)

=
1

λ 2 g2((∇J∗)(Ẑ,χωP2Ŵ ),J∗X̂))− 1
λ 2 g2((∇J∗)(Ẑ,χωP2Ŵ ),J∗nX̂))

+ cos2
θ1g1(∇ẐP2Ŵ , X̂)+g1(TẐχωP2Ŵ , tX̂)−g2(∇

J
Ẑ
J∗χωP2Ŵ ,J∗nX̂),

(4.37)

for any Ẑ,Ŵ ∈ Γ(Dθ1 ⊕ξ ),Û ∈ Γ(D⊕Dθ2) and X̂ ∈ Γ(kerJ∗)⊥.

Proof. By using equations (2.3), (2.6), (2.4) and (3.18), we get

g1(∇ẐŴ ,Û) = g1(∇ẐχP2Ŵ ,φ(P1Û +P3Û))−g1(φ∇ẐωP2Ŵ ,Û),

for Ẑ,Ŵ ∈ Γ(Dθ1 ⊕ξ ) and Û ∈ Γ(D⊕Dθ2) . Again using equations (2.3), (2.6), (2.4), (3.18),
(2.11) with Lemma 3.2, we may write

g1(∇ẐŴ ,Û) = cos2
θ1g1(∇ẐP2Ŵ ,Û)−g1(TẐχωP2Ŵ ,Û)+g1(TẐχωP2Ŵ ,φP1Û)

+g1(TẐχP2Ŵ ,ωP3Û)+g1(H ∇ẐχP2Ŵ ,χP3Û)−g1(φ Ẑ,Û)η(P2Ŵ ).

Since, J is conformal, using Lemma 2.1 with equations (2.7) and (2.16), we have

g1(∇ẐŴ ,Û) = cos2
θ1g1(∇ẐP2Ŵ ,Û)−g1(TẐχωP2Ŵ ,Û)+g1(TẐχωP2Ŵ ,φP1Û)

+g1(TẐχP2Ŵ ,ωP3Û)− 1
λ 2 g2(∇

J
Ẑ
J∗χP2Ŵ ,J∗χP3Ŵ )

− 1
λ 2 g2((∇J∗)(χP2Ŵ , Ẑ),J∗P3Û)−g1(φ Ẑ,Û)η(P2Ŵ ).

(4.38)
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On the other hand, for Ẑ,Ŵ ∈ Γ(Dθ1 ⊕ξ ) and X̂ ∈ Γ(kerJ∗)⊥, with using equations (2.3), (2.6),
(2.4) and (3.18), we get

g1(∇ẐŴ , X̂) = g1(∇ẐωP2Ŵ ,φ X̂)+g1(∇ẐχP2Ŵ ,φ X̂)+η(P2Ŵ )g1(φ Ẑ, X̂).

From Lemma 3.2 with equations (2.11) and (3.21), the above equation takes the form

g1(∇ẐŴ , X̂) = cos2
θ1g1(∇ẐP2Ŵ , X̂)−g1(H ∇ẐχωP2Ŵ , X̂)+η(P2Ŵ )g1(φ Ẑ, X̂)

+g1(TẐχωP2Ŵ , tX̂)+g1(H ∇ẐχωP2Ŵ ,nX̂).

Since J is conformal and from equations (2.7) and (2.16), we have

g1(∇ẐŴ , X̂) = cos2
θ1g1(∇ẐP2Ŵ , X̂)+g1(TẐχωP2Ŵ , tX̂)−η(P2Ŵ )g1(φ Ẑ, X̂)

+
1

λ 2 g2((∇J∗)(χωP2Ŵ , Ẑ),J∗X̂)− 1
λ 2 g2(∇

J
Ẑ
J∗χωP2Ŵ ,J∗X̂)

− 1
λ 2 g2((∇J∗)(χωP2Ŵ , Ẑ),J∗nX̂)+

1
λ 2 g2(∇

J
Ẑ
J∗χωP2Ŵ ,J∗nX̂),

from which we get the result.

Theorem 4.8 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be QBS C S from a Kenmotsu manifold onto a
Riemannian manifold. (B̄2,g2). Then Dθ2 is not defines totally geodesic foliation on B̄1.

Proof. Taking the vector fields X̂ ,Ŷ ∈ Γ(Dθ2) and since Ŷ and ξ are orthogonal, we have

g(∇X̂Ŷ ,ξ ) =−g(Ỹ ,∇X̂ ξ )

By considering equation (2.8), we get

g(∇X̂Ŷ ,ξ ) =−g(X̂ ,Ŷ ).

For X̂ ,Ŷ ∈ Γ(Dθ2),g(X̂ ,Ŷ ) ̸= 0, that is g(∇X̂Ŷ ,ξ ) ̸= 0. Hence, the distribution is not totally
geodesic.

In the following theorem, we study the necessary and sufficient conditions for slant distribution
Dθ2 to be totally geodesic.

Theorem 4.9 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a QBS C S , where (B̄1,φ ,ξ ,η ,g1) a Ken-
motsu manifold and (B̄2,g2) a RM. Then slant distribution Dθ2⊕ < ξ > defines totally geodesic
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foliation on B̄1 if and only if

1
λ 2 g2(∇

J
Ẑ
J∗χP2Ŵ ,J∗χP3V̂ )

= cos2
θ1g1(∇ẐP2Ŵ ,V̂ )−g1(TẐχωP2Ŵ ,V̂ )+g1(TẐχωP2Ŵ ,φP1V̂ )

+g1(TẐχP2Ŵ ,ωP3V̂ − 1
λ 2 g2((∇J∗)(χP2Ŵ , Ẑ),J∗P3V̂ )−g1(φ Ẑ,V̂ )η(P2Ŵ ).

(4.39)

and

λ
−2{g2(∇

J
Ẑ
J∗χωP3Ŵ ,J∗Ŷ )−g2(∇

J
Ẑ
J∗χωP3Ŵ ,J∗nŶ )}+η(P2Ŵ )g1(φ Ẑ,Ŷ )

=
1

λ 2 g2((∇J∗)(Ẑ,χωP3Ŵ ),J∗Ŷ )−
1

λ 2 g2((∇J∗)(Ẑ,χωP3Ŵ ),J∗nŶ )

+ cos2
θ2g1(∇ẐP3Ŵ ,Ŷ )+g1(TẐχωP3Ŵ , tŶ )+η(Ŵ )g1(Ẑ, tŶ ),

(4.40)

for any Ẑ,Ŵ ∈ Γ(Dθ2⊕< ξ >),V̂ ∈ Γ(D⊕Dθ1) and Ŷ ∈ Γ(kerJ∗)⊥.

Proof. The proof of above theorem is similar to the proof of Theorem 4.7.
Since, J is QBS C S , having (kerJ∗) and (kerJ∗)⊥ are vertical and horizontal distributions,

respectively. We now investigate the conditions under which distributions define totally geodesic
foliation on B̄1. In terms of vertical distribution’s total geodesicness, we have

Theorem 4.10 Let J : (B̄1,φ ,ξ ,η ,g1)→ (B̄2,g2) be a ⃗QBS C S , where (B̄1,φ ,ξ ,η ,g1) a Ken-
motsu manifold and (B̄2,g2) a RM. Then kerJ∗ defines totally geodesic foliation on B̄1 if and only
if

1
λ 2{g2(∇

J
Û

J∗χωP2V̂ +∇
J
Û

J∗χωP3V̂ ,J∗X̂)}

= g1(TÛ P1V̂ + cos2
θ1TÛ P2V̂ + cos2

θ2TÛ P3V̂ , X̂)+g1(TÛ χV̂ , tX̂)

+
1

λ 2{g2((∇J∗)(Û ,χωP2V̂ )− (∇J∗)(Û ,χωP3V̂ ),J∗X̂)}

+
1

λ 2{g2(∇
J
Û

J∗χV̂ − (∇J∗)(Û ,χV̂ ),J∗nX̂)}.

(4.41)

for any Û ,V̂ ∈ Γ(kerJ∗) and X̂ ∈ Γ(kerJ∗)⊥.

Proof. For any Û ,V̂ ∈ Γ(kerJ∗) and X̂ ∈ Γ(kerJ∗)⊥ with using equations (2.3), (2.6), (2.4)
with decomposition (3.17), we get

g1(∇ÛV̂ , X̂) = g1(∇Û φP1V̂ ,φ X̂)+g1(∇Û φP2V̂ ,φ X̂)+g1(∇Û φP3V̂ ,φ X̂).
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On using equation (3.18) with Lemma 3.2 and Lemma 3.3, we have

g1(∇ÛV̂ , X̂) = g1(∇Û P1V̂ , X̂)+ cos2
θ1g1(∇Û P2V̂ , X̂)+ cos2

θ2g1(∇Û P3V̂ , X̂)

+g1(∇Û χP2V̂ ,φ X̂)−g1(∇Û χωP2V̂ , X̂)−g1(∇Û χωP3V̂ , X̂)

+g1(∇Û χP3V̂ ,φ X̂)−η(P2V̂ )g1(χÛ , X̂).

From equations (2.10), (2.11) and (3.21), we may yields

g1(∇ÛV̂ , X̂) = g1(TÛ P1V̂ + cos2
θ1TÛ P2V̂ + cos2

θ2TÛ P3V̂ , X̂)

−g1(H ∇Û χωP2V̂ +H ∇Û χωP3V̂ , X̂)+g1(TÛ χP2V̂ +TÛ χP3V̂ , tX̂)

+g1(H ∇Û χP2V̂ +H ∇Û χP3V̂ ,nX̂)−η(P2V̂ )g1(χÛ , X̂).

From decomposition (3.17), the above equation takes the form

g1(∇ÛV̂ , X̂) = g1(TÛ P1V̂ + cos2
θ1TÛ P2V̂ + cos2

θ2TÛ P3V̂ , X̂)+g1(TÛ χV̂ , tX̂)

−g1(H ∇Û χωP2V̂ +H ∇Û χωP3V̂ , X̂)+g1(H ∇Û χV̂ ,nX̂)

−η(P2V̂ )g1(χÛ , X̂).

Using the conformality of J with equations (2.7) and (2.16), we have

g1(∇ÛV̂ , X̂) = g1(TÛ P1V̂ + cos2
θ1TÛ P2V̂ + cos2

θ2TÛ P3V̂ , X̂)+g1(TÛ χV̂ , tX̂)

+
1

λ 2{g2((∇J∗)(Û ,χωP2V̂ )− (∇J∗)(Û ,χωP3V̂ ),J∗X̂)}

− 1
λ 2{g2(∇

J
Û

J∗χωP2V̂ +∇
J
Û

J∗χωP3V̂ ,J∗X̂)}

+
1

λ 2{g2(∇
J
Û

J∗χV̂ − (∇J∗)(Û ,χV̂ ),J∗nX̂)}

−η(P2V̂ )g1(χÛ , X̂).

This completes the proof of the theorem.
Now we can discuss the geometry of the horizontal distribution’s leaves. The necessary

and sufficient conditions under which horizontal distribution totally geodesic foliation on B̄1 are
presented in the following theorem.

Theorem 4.11 Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2),.
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Then (kerJ∗)⊥ defines totally geodesic foliation on B̄1 if and only if

− 1
λ 2 g2(∇

J
X̂

J∗nŶ ,J∗χZ)+
1

λ 2 g2(∇
J
X̂

J∗Ŷ ,J∗χωP2Z)

= cos2
θ1g1(AX̂Ŷ ,P2Z)+ cos2

θ2g1(AX̂Ŷ ,P3Z)

+g1(V ∇X̂ tŶ ,ωP1Z)+g1(AX̂ nŶ ,ωP1Z)+g1(AX̂ tŶ ,χZ)

+
1

λ 2 g2(X̂(lnλ )J∗nŶ +nŶ (lnλ )J∗X̂ −g1(X̂ ,nŶ )J∗(G lnλ ),J∗χZ)

+
1

λ 2 g2(X̂(lnλ )J∗Ŷ + Ŷ (lnλ )J∗X̂ −g1(X̂ ,Ŷ )J∗(G lnλ ),J∗χωP2Z)

+
1

λ 2 g2(X̂(lnλ )J∗Ŷ + Ŷ (lnλ )J∗X̂ −g1(X̂ ,Ŷ )J∗(G lnλ ),J∗χωP3Z)

+
1

λ 2 g2(∇
J
X̂

J∗Ŷ ,J∗χωP3Z)

(4.42)

for any X̂ ,Ŷ ∈ Γ(kerJ∗)⊥ and Ẑ ∈ Γ(kerJ∗).

Proof. For any X̂ ,Ŷ ∈ Γ(kerJ∗)⊥ and Ẑ ∈ Γ(kerJ∗) with using equations (2.3), (2.4), (2.6)
with decomposition (3.17), we get

g1(∇X̂Ŷ , Ẑ) = g1(∇X̂ φŶ ,φP1Ẑ)+g1(∇X̂ φŶ ,φP2Ẑ)+g1(∇X̂ φŶ ,φP3Ẑ).

From equations (3.18) and (2.12) with Lemma 3.2, we have

g1(∇X̂Ŷ , Ẑ)

= g1(V ∇X̂ tŶ ,ωP1Z)+g1(AX̂ nŶ ,ωP1Z)+g1(φ∇X̂ φŶ ,φωP2Z)

+g1(∇X̂ tŶ ,χP2Z)+g1(∇X̂ nŶ ,χP2Z)+g1(φ∇X̂ φŶ ,φωP3Z)

+g1(∇X̂ tŶ ,χP3Z)+g1(∇X̂ nŶ ,χP3Z)+g1(H ∇X̂ nŶ +AX̂ tŶ ,χP2Ẑ).

Since χP2Z +χP3Z = χZ and with using the equations (3.18) and (2.13), we get

g1(∇X̂Ŷ , Ẑ)

= g1(V ∇X̂ tŶ ,ωP1Z)+g1(AX̂ nŶ ,ωP1Z)+g1(AX̂ tŶ ,χZ)

+g1(H ∇X̂ nŶ ,χZ)−g1(H ∇X̂Ŷ ,χωP2Z)−g1(H ∇X̂Ŷ ,χωP3Z)

+ cos2
θ1{g1(AX̂Ŷ ,P2Z)}+ cos2

θ2{g1(AX̂Ŷ ,P3Z)}+g1(H ∇X̂ nŶ +AX̂ tŶ ,χP2Ẑ).
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From formula (2.7) and (2.16), which yields that

g1(∇X̂Ŷ , Ẑ)

= g1(V ∇X̂ tŶ ,ωP1Z)+g1(AX̂ nŶ ,ωP1Z)+g1(AX̂ tŶ ,χZ)

+
1

λ 2 g2(∇
J
X̂

J∗nŶ ,J∗χZ)− 1
λ 2 g2((∇J∗)(X̂ ,nŶ ),J∗χZ)

− 1
λ 2 g2(∇

J
X̂

J∗Ŷ ,J∗χωP2Z)+
1

λ 2 g2((∇J∗)(X̂ ,Ŷ ),J∗χωP2Z)

− 1
λ 2 g2(∇

J
X̂

J∗Ŷ ,J∗χωP3Z)+
1

λ 2 g2((∇J∗)(X̂ ,Ŷ ),J∗χωP3Z)

+ cos2
θ1{g1(AX̂Ŷ ,P2Z)}+ cos2

θ2{g1(AX̂Ŷ ,P3Z)}+g1(H ∇X̂ nŶ +AX̂ tŶ ,χP2Ẑ).

Since J is conformal submersion, then we finally get

g1(∇X̂Ŷ , Ẑ)

= cos2
θ1g1(AX̂Ŷ ,P2Z)+ cos2

θ2g1(AX̂Ŷ ,P3Z)+g1(H ∇X̂ nŶ +AX̂ tŶ ,χP2Ẑ)

+g1(V ∇X̂ tŶ +AX̂ nŶ ,ωP1Z)+g1(AX̂ tŶ ,χZ)+
1

λ 2 g2(∇
J
X̂

J∗Ŷ ,J∗χωP3Z)

+
1

λ 2 g2(X̂(lnλ )J∗nŶ +nŶ (lnλ )J∗X̂ −g1(X̂ ,nŶ )J∗(G lnλ ),J∗χZ)

+
1

λ 2 g2(X̂(lnλ )J∗Ŷ + Ŷ (lnλ )J∗X̂ −g1(X̂ ,Ŷ )J∗(G lnλ ),J∗χωP2Z)

+
1

λ 2 g2(X̂(lnλ )J∗Ŷ + Ŷ (lnλ )J∗X̂ −g1(X̂ ,Ŷ )J∗(G lnλ ),J∗χωP3Z)

+
1

λ 2 g2(∇
J
X̂

J∗nŶ ,J∗χZ)− 1
λ 2 g2(∇

J
X̂

J∗Ŷ ,J∗χωP2Z).

This completes the proof of theorem.

5 φ -Pluriharmonicity of Quasi bi-slant Conformal ξ⊥-Submersion

In [23], Y. Ohnita constructed J-pluriharminicity from a almost hermitian manifold. We expand
the idea of φ -pluriharmonicity to almost contact metric manifolds in this section.

Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2) with slant
angles θ1 and θ2. Then QBS C submersion is φ -pluriharmonic, D-φ -pluriharmonic, Dθi-φ -
pluriharmonic, (D−Dθi)-φ pluriharmonic (where i = 1,2), kerJ∗-φ -pluriharmonic, (kerJ∗)⊥-φ -
pluriharmonic and ((kerJ∗)⊥− kerJ∗)-φ -pluriharmonic if

(∇J∗)(Û ,V̂ )+(∇J∗)(φÛ ,φV̂ ) = 0, (5.43)

for any Û ,V̂ ∈ Γ(D), for any Û ,V̂ ∈ Γ(Dθi), for any Û ∈ Γ(D),V̂ ∈ Γ(Dθi) (where i = 1,2), for
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any Û ,V̂ ∈ Γ(kerJ∗), for any Û ,V̂ ∈ Γ(kerJ∗)⊥ and for any Û ∈ Γ(kerJ∗)⊥,V̂ ∈ Γ(kerJ∗).

Theorem 5.1 Let J be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2)

with slant angles θ1 and θ2. Suppose that J is Dθ1-φ -pluriharmonic. Then Dθ1 defines totally
geodesic foliation B̄1 if and only if

J∗(χT
ωÛ χωV̂ +nH ∇

ωÛ χωV̂ )− J∗(AχÛ ωV̂ +H ∇
ωÛ χV̂ )

= cos2
θ1J∗(nT

ωÛV̂ +χV ∇
ωÛV̂ )+∇

J
ωÛ

J∗φV̂

−χÛ(lnλ )J∗χV̂ −χV̂ (lnλ )J∗χÛ +g1(χÛ ,χV̂ )J∗(G lnλ )

for any Û ,V̂ ∈ Γ(Dθ1).

Proof. For any Û ,V̂ ∈ Γ(Dθ1) and since, J is Dθ1-φ -pluriharmonic, then by using equation
(2.10) and (2.16), we have

0 =(∇J∗)(Û ,V̂ )+(∇J∗)(φÛ ,φV̂ )

J∗(∇ÛV̂ ) =−J∗(∇φÛ φV̂ )+∇
J
φÛ

J∗(φV̂ )

= − J∗(AχÛ ωV̂ +V ∇
χÛ ωV̂ +T

ωÛ χV̂ +H ∇
ωÛ χV̂ )

+(∇J∗)(χÛ ,χV̂ )−∇
J
χÛ

J∗χV̂ +∇
J
φÛ

J∗φV̂

+ J∗(φ∇
ωÛ φωV̂ )

On using equations (3.18), (3.21) with Lemma 2.1 and Lemma 3.2, the above equation finally takes
the form

J∗(∇ÛV ) =−cos2
θ1J∗(PT

ωÛV̂ +nT
ωÛV̂ +ωV ∇

ωÛV̂ +χV ∇
ωÛV̂ )

+ J∗(ωT
ωÛ χωV̂ +χT

ωÛ χωV̂ +PH ∇
ωÛ χωV̂ +nH ∇

ωÛ χωV̂ )

− J∗(AχÛ ωV̂ +V ∇
χÛ ωV̂ +T

ωÛ χV̂ +H ∇
ωÛ χV̂ )

+χÛ(lnλ )J∗χV̂ +χV̂ (lnλ )J∗χÛ −gM(χÛ ,χV̂ )J∗(grad lnλ )

−∇
J
χÛ

J∗χV̂ +∇
J
φÛ

J∗φV̂ .

from which we get the desired result.

Theorem 5.2 Let f⃗ be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2)

with slant angles θ1 and θ2. Suppose that J is Dθ2-φ -pluriharmonic. Then Dθ2 defines totally
geodesic foliation B̄1 if and only if

J∗(χT
ωẐχωŴ +nH ∇

ωẐχωŴ )− J∗(AχẐωŴ +H ∇
ωẐχŴ )

= cos2
θ2J∗(nT

ωẐŴ +χŴ ∇
ωẐŴ )+∇

J
ωẐ

J∗φŴ

−χẐ(lnλ )J∗χŴ −χŴ (lnλ )J∗χẐ +gM(χẐ,χŴ )J∗(grad lnλ )
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for any Ẑ,Ŵ ∈ Γ(Dθ2).

Proof. Theorem 5.1 proof is the same to this theorem’s proof.

Theorem 5.3 Let f⃗ be a QBS C S from Kenmotsu manifold (B̄1,φ ,ξ ,η ,g1) onto a RM (B̄2,g2)

with slant angles θ1 and θ2. Suppose that J is ((kerJ∗)⊥− kerJ∗)-φ -pluriharmonic. Then the
following assertion are equivalent.

(i) The horizontal distribution (kerJ∗)⊥ defines totally geodesic foliation on B̄1.

(ii) (cos2θ1 + cos2θ2)J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û +χV ∇nX̂ ωP1Û}
+ J∗{χAnX̂ χωP2Û +χAnX̂ χωP3Û −H ∇tX̂ χÛ}+∇J

nX̂
J∗χωP2Û +∇J

nX̂
J∗χωP3Û

= J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û +χH ∇nX̂ ωP1Û}
− J∗{χTtX̂ χωP2Û +nH ∇tX̂ χωP2Û +χTtX̂ χωP3Û +nH ∇tX̂ χωP3Û}
+nX̂(lnλ )J∗χωP2Û +χωP2Û(lnλ )J∗nX̂ −g1(nX̂ ,χωP2Û)J∗(grad lnλ )

+nX̂(lnλ )J∗χωP3Û +χωP3Û(lnλ )J∗nX̂ −g1(nX̂ ,χωP3Û)J∗(grad lnλ )

+ J∗(∇X̂Û)+∇J
φ X̂

J∗χÛ +g1(PX̂ ,ωÛ)J∗ξ .

for any X̂ ∈ Γ(kerJ∗)⊥ and Û ∈ Γ(kerJ∗)

Proof. For any X̂ ∈ Γ(kerJ∗)⊥ and Û ∈ Γ(kerJ∗), since J is ((kerJ∗)⊥ − kerJ∗)-φ -
pluriharmonic, then by using (2.16), (3.18) and (3.21), we get

J∗(∇nX̂ χÛ) =−J∗(∇tX̂ ωÛ +∇tX̂ χÛ +∇nX̂ ωÛ)+ J∗(∇X̂Û)+∇
J
φ X̂

J∗χÛ .

Taking account the fact from (2.2) and (2.11), we have

J∗(∇nX̂ χÛ) =−J∗(TtX̂ χÛ +H ∇tX̂ χÛ)+ J∗(∇X̂Û)+∇
J
φ X̂

J∗χÛ

+ J∗{φ∇tX̂ φωÛ}+ J∗{φ∇nX̂ φωÛ}.

Now on using decomposition (3.17), Lemma 3.2, Lemma 3.3 with equations (3.18), we may yields

J∗(∇nX̂ χÛ) = J∗{φ∇tX̂ ωP1Û − cos2
θ1φ∇tX̂ ωÛ − cos2

θ2φ∇tX̂ ωÛ

+ J∗{φ∇nX̂ ωP1Û − cos2
θ1φ∇nX̂ ωÛ − cos2

θ2φ∇nX̂ ωÛ

+ J∗{φ∇tX̂ χωP2Û +φ∇tX̂ χωP3Û +φ∇nX̂ χωP2Û +φ∇nX̂ χωP3Û}

− J∗(H ∇tX̂ χÛ)+ J∗(∇X̂Û)+∇
J
φ X̂

J∗χÛ .
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From equations (2.10)-(2.13) and after simple calculation, we may write

J∗(∇nX̂ χÛ) =−(cos2
θ1 + cos2

θ2)J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û

+χV ∇nX̂ ωP1Û}− J∗{χAnX̂ χωP2Û +χAnX̂ χωP3Û −H ∇tX̂ χÛ}

+ J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û +χH ∇nX̂ ωP1Û}

− J∗{χTtX̂ χωP2Û +nH ∇tX̂ χωP2Û +χTtX̂ χωP3Û +nH ∇tX̂ χωP3Û}

− J∗(nH ∇nX̂ χωP2Û +nH ∇nX̂ χωP2Û)+ J∗(∇X̂Û)+∇
J
φ X̂

J∗χÛ .

Since J is conformal Riemannian submersion, the by using equations (2.16) and from Lemma 2.1,
we finally have

J∗(∇nX̂ χÛ)

=−(cos2
θ1 + cos2

θ2)J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û +χV ∇nX̂ ωP1Û}

+ J∗{nTtX̂ ωP1Û +χV ∇tX̂ ωP1Û +nAnX̂ ωP1Û +χH ∇nX̂ ωP1Û}

− J∗{χTtX̂ χωP2Û +nH ∇tX̂ χωP2Û +χTtX̂ χωP3Û +nH ∇tX̂ χωP3Û}

+nX̂(lnλ )J∗χωP2Û +χωP2Û(lnλ )J∗nX̂ −g1(nX̂ ,χωP2Û)J∗(grad lnλ )

+nX̂(lnλ )J∗χωP3Û +χωP3Û(lnλ )J∗nX̂ −g1(nX̂ ,χωP3Û)J∗(grad lnλ )

− J∗{χAnX̂ χωP2Û +χAnX̂ χωP3Û −H ∇tX̂ χÛ}

+ J∗(∇X̂Û)+∇
J
φ X̂

J∗χÛ −∇
J
nX̂

J∗χωP2Û −∇
J
nX̂

J∗χωP3Û ,

which completes the proof of theorem.

6 Decomposition Theorems

The following conclusion from [29] is recalled in this section, and other decomposition theorem is
discussed utilizing earlier proof. Let’s say that on the manifold M = B̄1 × B̄2, g is a Riemannian
metric. Then

(i) M = B̄1 ×λ B̄2 is a locally product if and only if B̄1 and B̄2 are totally geodesic foliations,

(ii) a warped product B̄1×λ B̄2 if and only if B̄1 is a totally geodesic foliation and B̄2 is a spherics
foliation, i.e., it is umbilic and its mean curvature vector field is parallel,

(ii) M = B̄1 ×λ B̄2 is a twisted product if and only if B̄1 is a totally geodesic foliation and B̄2 is a
totally umbilic foliation.

The fact that J : (B̄1,φ ,ξ ,η ,g1) → (B̄2,g2) is QBS C S ensures the existence of three or-
thogonal complementary distributions D, Dθ1 , and Dθ2 , all of which meet the previously stated
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characteristics of being integrable and totally geodesic. The logical next step is to search for the
circumstances in which the total space B̄1 transforms into locally twisted product manifolds. We
now present the following outcome.

Theorem 6.1 Let J be a QBS C S from Kenmotsu manifold (M,φ ,ξ ,η ,g1) onto a RM (M2,g2).
Then B̄1 is locally twisted product of the form B̄1(kerJ∗)× B̄1(kerJ∗)⊥ if and only if

1
λ 2 g2((∇ f∗)(Û ,χV̂ ), f∗nX̂) = g1(TÛ ωV̂ ,nX̂)+g1(V̂ ∇Û ωV̂ +TÛ χV̂ , tX̂)

+
1

λ 2 g2(∇
J
U χV̂ ,J∗nX̂)

(6.44)

and

g(X̂ ,Ŷ )H =−tAX̂ tŶ −ω∇X̂ tŶ −ωAX̂ nŶ −φJ∗(∇J
X̂

J∗nŶ )+ X̂(lnλ )tnŶ

+nŶ (lnλ )tX̂ − t(G lnλ )g(X̂ ,nŶ )−η(Û)g1(X̂ ,Ŷ ),
(6.45)

where H is a mean curvature vector and for any Û ,V̂ ∈ Γ(kerJ∗) and X̂ ,Ŷ ∈ Γ(kerJ∗)⊥.

Proof. For any X̂ ∈ Γ(kerJ∗)⊥ and Û ,V̂ ∈ Γ(kerJ∗) and using equations (2.3), (2.6), (2.4),
(2.12) and (2.13), we have

g1(∇ÛV̂ , X̂) = g1(TÛ ωV,nX)+g1(V ∇Û ωV +TÛ χV, tX)−g1(H ∇Û χV,nX)

From using formula (2.7), (2.16) and with conformality of RS J, the above equation finally takes
the form

g1(∇ÛV̂ , X̂) = g1(TÛ ωV̂ ,nX̂)+g1(V̂ ∇Û ωV̂ +TÛ χV̂ , tX̂)

− 1
λ 2 g2((∇ f∗)(Û ,χV̂ ), f∗nX̂)+

1
λ 2 g2(∇

J
U χV̂ ,J∗nX̂)

It follows that the equation (6.44) satisfies if and only if B̄1(kerJ∗) is totally geodesic. On the other
hand, for Û ∈ Γ(kerJ∗) and X̃ ,Ŷ ∈ Γ(kerJ∗)⊥ with using equations (2.3), (2.4), (2.6) and (3.21),
we get

g1(∇X̂Ŷ ,Û) = g1(∇X̂ PŶ ,φÛ)+g1(AX̂ nŶ ,ωÛ)+g1(H ∇X̂ nŶ ,χ ̂̂U)−η(Û)g1(X̂ ,Ŷ ).

By using the equation (2.16) with definition of conformality of J, we deduce that

g1(∇X̂Ŷ ,Û) =− 1
λ 2 g2((∇J∗)(X̂ ,nŶ ),J∗χÛ)+

1
λ 2 g2(∇

J
X̂

J∗nŶ ,J∗χÛ)

+g1(∇X̂ PŶ ,φÛ)+g1(AX̂ nŶ ,ωÛ)−η(Û)g1(X̂ ,Ŷ ).
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Considering the (i) part of Lemma 2.1, above equation turns in to

g1(∇X̂Ŷ ,Û) =
1

λ 2 g2(∇
J
X̂

J∗nŶ ,J∗χÛ)+g1(∇X̂ tŶ ,φÛ)+g1(AX̂ nŶ ,ωÛ)

−g1(G lnλ , X̂)g1(nŶ ,χÛ)−g1(G lnλ ,nŶ )g1(X̂ ,χÛ)

+g1(G lnλ ,χÛ)g1(X̂ ,nŶ )−η(Û)g1(X̂ ,Ŷ ).

By direct calculation, finally we get

g1(X̂ ,Ŷ )H =−tAX̂ tŶ −ω∇X̂ tŶ −ωAX̂ nŶ −φJ∗(∇J
X̂

J∗nŶ )+ X̂(lnλ )tnŶ

+nŶ (lnλ )tX̂ − t(G lnλ )g1(X̂ ,nŶ )+η(Û)g1(φ X̂ ,Ŷ ).

From the above equation we conclude that B̄1(kerJ∗)⊥ is totally umbilical if and only if equation
(6.45) satisfied.
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