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1 Introduction
In the sequel, let H; and H, be real Hilbert spaces equipped with the standard inner product
(-,7) andnorm |I-|l. Let C € H; and Q < H, are nonempty closed and convex sets.
We consider the following classical equilibrium problem (in short EP) due to Blum and Oettli [1]:
Find x € C such that
F(x,y) =0, VyecC, (1.2)
where F:C X C = R is a bifunction.

The EP(1.1) encompasses a wide range of mathematical models, including variational
inequality problems, optimization problems, Nash equilibrium problems, saddle point problems,
fixed point problems, and complementarity problems as particular cases. Hence, EP(1.1) serves
as a unified framework for modeling and analyzing many problems that arise in science,
engineering, optimization, economics, and related fields.

Over the past two decades, the equilibrium problem EP(1.1) has been widely generalized
and thoroughly investigated in various directions because of its fundamental importance. For
results concerning the existence of solutions for different extensions of EP(1.1), we refer the
reader to [2,4,3,5] and the references cited therein. Numerous iterative algorithms have also
been developed for solving different classes of equilibrium problems; see, for instance, [6, 7, 14,
8,9,12, 13,10, 11] and references cited therein.

However, in many practical situations, equilibrium problems in a system are defined in
different spaces. Motivated by this, we focus in this paper on a pair of equilibrium problems
formulated in distinct spaces, known as the split equilibrium problem (SEP), which was
introduced and studied by Kazmi and Rizvi [15].

Let F;:CXC - R and F,:Q X Q — R be nonlinear bifunctions and A:H, —» H, be
a bounded linear operator, then the split equilibrium problem SEP is to find x* € C such that

Fi(x*,x) =20, Vx € C, (1.2)
and such that
y* = Ax" € Q solves F,(y*,y) =0, Vy € Q. (1.3)

EP(2.2) represents an equilibrium problem whose set of solutions is denoted by EP(F;).
The combined formulation (1.2)—(1.3) forms a pair of equilibrium problems that must be satisfied
simultaneously. Specifically, one seeks a point x* in the space H; that solves the equilibrium
problem associated with (1.2), and whose image y* = Ax™ , under a given bounded linear
operator A solves another equilibrium problem defined in a second space H, asin (1.3). The
solution set of the latter problem is denoted by EP(F,). Accordingly, the set of solutions to the
split equilibrium problem (1.2)—(1.3) is defined by ' = {p € EP(F;): Ap € EP(F,)}.

The split equilibrium problem (1.2)—(1.3) can be viewed as a generalization of the
multiple-sets split feasibility problem. Moreover, it encompasses, as a special case, the split
variational inequality problem [16], which itself generalizes both split zero problems and split
feasibility problems. For further details and related developments, we refer the reader to [20,
17, 21, 18, 19].

A family S:={T(s):0 <s <o} of mappings from C into itself is called
nonexpansive semigroup on C if it satisfies the following conditions:
1. T(0)x =x forall x €C;
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2. T(s+1t)=T(s)T(t) forall s,t>0;
3. IITS)x—=TG)ylI<lx—=y Il forall x,y€C and s >0;
4. forall x € C, s+ T(s)x is continuous.
The set of all the common fixed points of a family S is denoted by Fix(S5), i.e.,
Fix(S):={x€C:T(s)x =x,0 <5 <00} = Np<s<oo Fix(T(s)),
where Fix(T(s)) is the set of fixed points of T(s). It is well known that Fix(S) is closed and
convex.
The fixed point problem (in short, FPP) for a nonexpansive semigroup S is:
Find x € C such that x € Fix(S). (1.4)

In 2006, Marino and Xu [24] considered the following implicit type iterative scheme for a
nonexpansive mapping T:
xe = tyf(xe) + (I = tP)Tx,
where f is a contraction mapping with constant @ and P:H; — H; is a strongly positive
linear bounded operator, i.e., if there exists a constant ¥ > 0 such that
(Px,xy=7 x>, VxE€H,
with 0 <y < g and t € (0,1) and proved that the net (x;) converges strongly to the unique

solution of the variational inequality
((P—=vf)z,x—2z)=0, Vx € Fix(T),
which is the optimality condition for the minimization problem

. 1
SRl 3 (P ) = R,

where h is the potential function for yf.
In 1997, Shimizu and Takahashi [25] introduced the following iterative method to prove
the strong convergence theorem for FPP(1.4) in a real Hilbert space.

Xner = Tl + (1= ) = [T T(s)xnds, Vn €N,
where {a,} is a sequence in (0,1) and {s,} is a sequence of positive real numbers which

diverges to +oo. Later, Chen and Song [26] introduced and studied the following iterative
method to prove strong convergence theorem for FPP(1.4).

Xpi1 = anf () + (1 — an)i L T(s)xds, VneN, (1.5)
where f is a contraction mapping. Recently, Plubtieng and Punpaeng [27] introduced and
studied the following iterative method to prove a strong convergence theorem for FPP(1.4).
Xni1 = Unf () + Budn + (1= @ = B) - Jy" T()xnds, Vn €N, (L6)
where {a,} and {f,} are the sequences in (0,1) and {s,} is a positive real divergent
sequence.

In 2010, Cianciaruso et al. [28] introduced and studied the following explicit iterative
method for finding the common element of EP(1.1) and FPP(1.4)

1
F(un, y) +;(y_un:un — X)), Vy € C;
1 rsn
Anir = GV f () + (I = anP) — J)" T()unds,

where {a,}, {s,} and {r,} are the sequences in (0,1), under the certain appropriate
conditions on control sequences. They obtain the strong convergence theorem.

(1.7)
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In 2014, Kazmi and Rizvi [15] introduced and studied an Halpern type iterative method
to approximate the common solution of split equilibrium problem , variatinal inequality problem
and FPP for a nonexpansive mapping T on C. They proved that under some mild conditions,
the sequences generated by the proposed iterative algorithms converges strongly to a common
solution of SEP, VIP and FPP for a nonexpansive mapping.

In 2018, Rizvi [13] introduced and studied an iterative method by combining Mann and
Halpern iterative method to approximate the common solution of split mixed equilibrium
problem and FPP for a nonexpansive mapping T. He proved that under some mild conditions,
the sequences generated by the proposed iterative algorithms converges strongly to a common
solution of split mixed equilibrium problem and FPP for a nonexpansive mapping.

In 2023, Rizvi [29] introduced and studied an iterative method based on viscosity
iterative method to approximate the common solution of split variational inclusion problem and
FPP for a nonexpansive mapping T. Further, He proved that under some mild conditions, the
sequences generated by the proposed iterative algorithms converges strongly to a common
solution of split variational inclusion problem and FPP for a nonexpansive mapping. For related
work, see [30] and references quoted therein.

In 2024, Rizvi and Sikander [31] introduced and studied an iterative method based on
hybrid iterative method to approximate the common solution of split generalized mixed
equilibrium problem and FPP for a nonexpansive mapping T. Further, He proved that under
some mild conditions, the sequences generated by the proposed iterative algorithms converges
strongly to a common solution of split generalized mixed equilibrium problem and FPP for a
nonexpansive mapping.

It is noteworthy that the analysis of weak and strong convergence theorems for finding
a common solution to the SEP(1.2)—(1.3) and the FPP(1.4) associated with a semigroup of
nonexpansive mappings remains largely unexplored in the existing literature. Consequently,
establishing strong convergence results for a common of SEP(1.2)—(1.3) and FPP(1.4) for a
nonexpansive semigroup in this setting constitutes a compelling, interesting and significant
research problem.

Motivated by the work of Shimizu and Takahashi [25], Chen and Song [26], Plubtieng and
Punpaeng [27], Cianciaruso et al. [28], and by the ongoing research in this direction, we suggest
and analyze an iterative method based on modified viscosity iterative method to approximate a
common solution of SEP(1.2)-(1.3) and FPP(1.4) for a nonexpansive semigroup in real Hilbert
spaces. Furthermore, we prove that the sequences generated by the iterative scheme converges
strongly to a common solution of SEP(1.2)-(1.3) and FPP(1.4). The results presented in this paper
can be treated as a generalization of the work of Plubtieng [27] and Cianciaruso et al. [28].

2 Preliminaries

We recall some definitions and results which will be useful for the presentation of
subsequent sections.
Definition 2.1 [32] For every point x € H,, there exists a unique nearest point in C denoted by
Pcx such that
Il x—PcxlISllx—yll, Vy € C.
P is called the metric projection of H; onto C.
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Remark 2.1 It is well known fact that P. is nonexpansive mapping and satisfies the following
properties:

(x —y,Pcx — Pcy) =l Pcx — Pey 1%, Vx,y € Hy. (2.1)
Further, P.x is characterized by the fact that P.x € C and
(x — Pcx,y — Pex) <0, (2.2)
and
lx—y 2=l x—Pcx 12+l y— Pcx |12, vx € Hy,y € C. (2.3)

Definition 2.2 [32] In a real Hilbert space the following hold:
Lo lAx+@-DyP=20x P+ A=) IyIP-22-D)lx—yl? (2.4)
forall x,y € H; and A € [0,1].
2. (Opial’s condition) [33]. For any sequence {x,} with x, = x the inequality
limniilgo IIx, —xlI< limniilgo lx, =yl (2.5)
holds for every y € H; with y = x.

Remark 2.2 It is easy to observe that every nonexpansive operator F:H; — H, satisfies, for all
(x,y) € Hy X Hy, the inequality
(x=FO) =@ —FONFO)—FO) < @/2) 1 (F(x) —x) = (FO) —y I, (2.6)
therefore, we get, for all (x,y) € H; X Fix(F),
(x—F(x),y—Fx)) < (1/2) I F(x) — x I%, (2.7)
see e.g., [[34], Theorem 2.1].
Lemma 2.1 [35] Let {x,} and {y,} be bounded sequences in a Banach space X and {a,} be
a sequence in [0,1] with 0 < liminf a, < limsupa, < 1. Suppose x,.1 = (1 —a,)y, +

n—oo n—-oo
anXxy, forallintegers n >0 and limsup(ll Ype1 — Vn | =l Xpy1 — x5 I) < 0. Then Llim ||
n—oo n-—coo

Yn — X I=0.

Lemma 2.2 [32] Assume that P is a strongly positive self-adjoint bounded linear operator on a
Hilbert space H; with constant ¥ >0 and 0 <p <I P II”Y. Then I — pP II< 1 — py.

Lemma 2.3 [25] Let C be a nonempty, bounded, closed and convex subset of a Hilbert space
H, andlet S:={T(s):0 < s < oo} be a nonexpansive semigroup on C. Foreach x € C and
t > 0. Then forany 0 < h < oo,

limsup Il 5[] T(s)xds — T(h)C: J; T(s)xds) ll= 0.
towyec t

Assumption 2.1 [1] Let F:C X C —» R be a bifunction satisfying the following assumptions:
(i). F(x,x)=0, Vx € C;
(i) F ismonotone,i.e., F(x,y)+ F(y,x) <0, Vx € C;

(iii) Foreach x,y,z € C, limsupF(tz+ (1 —t)x,y) < F(x,y);
t-0
(iv) Foreach x € C, y = F(x,y) is convex and lower semicontinuous.

Lemma 2.4 [14] Assume that F:C X C —» R satisfying Assumption 3.1. For r > 0 and for all
x € Hy, define a mapping TF:H, - C as follows:
Tfx={z€C:F(zYy) +%(y—z,z—x) >0, VyecC}.
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Then the following hold:
(i) TF issingle-valued;
(i) TF isfirmly nonexpansive, i.e.,
I TrFx - TrFy = (TrFx - TrFy'x —y) Vx,y € Hy;
(iii)  Fix(T,F) = Sol(EP(1.2));
(iv) Sol(EP(1.2)) is closed and convex.

Moreover, assume that G:Q X Q — R satisfying Assumption 2.1. For s > 0 and for
all w € H,, define a mapping T¢:H, — Q as follows:
1
TSw = {d € Q: 3z € Tfx such that Az = d and G(d,y) +§(d —e,e—w)=0,Ve € Q}.

Then, we can easily observe that TS is single-valued and firmly nonexpansive, Sol(EP(1.3)) is
closed and convex and  Fix(T¢) = Sol(EP(1.3)).

Lemma2.5 [28]Llet F:C X C — R be a bifunction satisfying Assumption 3.1 hold and let T}
be defined as in Lemma 2.4 for v > 0. Let x,y € H; and 1,75, > 0. Then:

I TSy = Thx Isly —x I+ |22 I Ty =y I

2

Lemma 2.6 [36] Let (X,(:,-)) be an inner product space, then forall x,y € X and a,f,y €
[0,1] with a+ B +y =1, we have

lax + By +yz I°=a ILx P+ Ny IP+ylzIP—aBllx—ylI*—ay Il x —z 1>~ By

ly—zI-.
Lemma 2.7 [37] Le}; {a,} be asequence of nonnegative real numbers such that
(ny1 = (1 - an)an + Sn' nz=0,
where {a,} isasequencein (0,1) and {4,} isasequencein R such that
Yn=1 (p = ©;

2. limsup e or Yzt |On| < 0.

n—oo an

Then lima, = 0.

n—-oo

3 Main Result

Theorem 3.1 Let H; and H, be two real Hilbert spaces andlet C < H; and Q € H, be
nonempty closed convex subsets. Let A: H, = H, be a bounded linear self adjoint operator.
Assume that F;:C X C = R and F,:Q X Q = R are the bifunctions satisfying Assumption 2.1
and F, is upper semicontinuous in first argument. Let S = {T(5):0 < s < o} bea
nonexpansive semigroup on C such that Fix(S)NT = @. Let f:C = C be a contraction
mapping with constant a € (0,1) and P be a strongly positive bounded linear operator on
H; with constant y > 0 suchthat 0 <y < g <y+ % Let {s,} is a positive real sequence
which diverges to +oo. For a given x, € C arbitrarily, let the iterative sequences {u,} and
{x,} be generated by

Up = Trt (g + SAT (T2 — D Axy);

1 rsn
X1 = ¥ f () + (I = anP) — J)" T()unds,
where 1, € (0,0) and 6 € (0,1/L), L is the spectral radius of the operator A*A and A*

(3.1)
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is the adjoint of A and {a,} and {f§,} are the sequences in (0,1) satisfying the following
conditions:
1. lima, =0, Yoo @, =00; and ), |ape1 — ap| < 0;

n—>o0o
e o _
2. liminfr;, > 0 and Yo |[Tme1 — Tl <
. S =S
3. im Bzl _
n—oo  Sn+1

Then the sequence {x,} converges strongly to z € Fix(S) N T, where z = Pgjys)ar(l — P +

Yf)z.

Proof. We note that from condition (i), we may assume without loss of generality that «a,, < (1 —
L) Il PII7Y for all n. From Lemma 2.2, we know that if 0 < p <|| P I"%, then || I — pP |I<
1 — py.We willassumethat [ [ =P lI<1-—7.
Since P is positive linear bounded self-adjoint operator on H;, then
Il P ll=sup{|{Pu,u)|:u € Hy,Il u llI=1}.

Observe that

(I = a,P)u,u) =1 — ay,(Pu,u)

=21l—a, IPI

>0,

which implies that (1 — a,P) is positive. It follows that

Il (I —a,P lI=sup{{((1 —a,P)u,u):u € Hy,ll u ll= 1}

= sup{l — a,(Pu,u):u € Hy,ll u ll= 1}

<1-a,y.

Let q = Prix(s)nr- Since f isa contraction mapping with constant a € (0,1). It follows
that
IhqU =P+yf)x)—qU-P+y O ISIT=P+y)(x)—(U—-P+

SII—=Plllx=yll+ylfCx)—fO) I
SA-Plx—=yl+yalx—=yl
<SA-F-ya)lx—=yl,
for all x,y € H;. Therefore the mapping q(I — P + yf) is a contraction mapping from H;
into itself. It follows from Banach contraction principle that there exists an element z € H; such

that z=q(I =P +yf)z = Prixs)nr( =P +vf)(2).
Let p€ Fix (S)NT,ie, p€Tl,wehave p = Trilp and Ap = Trff(Ap).
We estimate
lwy — p I2=11 T, (xy + 8A* (T2 — D Ax,) — p I2
=1l T (xn + SA*(T12 — DAxy) — Trip II2
<Il x, + 8A*(T;? — DAx, — p |12
<l X, — p 124 82 1| A*(T;2 — D Ax, |12
+26(x, — p, A*(Ty2 — ) Axy). (3.2)

YA I

Thus, we have
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luy —p I2<I X — p 12+ 82((Tr2 — ) Axy, AA (T2 — 1) Axy,)
+28(x, — p, A*(Tr2 — ) Axy). (3.3)

Now, we have

ST — 1) Ay, AA* (T} — 1) Axy,)

< LEH(Ty2 — DAxy, (Tr? — DAxy)

= L&2 || (Ty2 — DAxy, II2. (3.4)
Denoting F = 26(x,, — p,A*(TTI:f — I)Ax,) and using (2.7), we have

A =280x, —p, A" (T} — DAxy)

= 28(A0xn = ), (T, = DAxy)

= 28(A(xn — P) + (Ty2 = DAxy — (T;2 = DAxy, (T, — DAXy)

= 26{(T,? Axn — Ap, (T2 — DAxy)— Il (T, — DAx, 1%}

< 286 11 (T2 — DAxy 12 =1l (T2 — DAx, 17}

< =6 Il (T2 — DAx, I2. (3.5)
Using (3.3), (3.4) and (3.5), we obtain
lu, —p I°<ll x, —p 1>+ 5(LE — 1) Il (T:l2 — DAx, 1% (3.6)

Since, § € (0, %), we obtain
lu, —p I?<Il x,, — p II>. (3.7)

Now setting t,: = Sifosn T(s)u,ds andsince p € Fix (S) N T, we obtain
I tn —p 1=l =[5 T(s)unds —p |
<= [ N T(S)uy = T(s)p Il ds

<lhu,—pI

Further, we estimate
Il Xpe1 =0 1= @y f(xn) + (I — ayP)t, —p i
=l an(yf(xn) — Pp) + (I — ap,P)(t, — p) |
Sap llyf(x) =Pl +(Q —app) 1t —p |l
Sapy lfG) —f@ I +a lyf(e) —Pp Il +(1 —apy) I x —p |l
anya l xpn —pll +a, lyf(p) =Pp Il +(1 —any) l xy —p |l
A= -vo)an) I xp—pll +a, lyf(p) —Pp
max {ll x, —p ||,$ lvf(®)—Ppl}, n=0

A

IA

A

max {ll xo — p ||,$ 1 yf(p) — Pp II}. (3.9)

Hence {x,} is bounded and consequently, we deduce that {u,}, {t,} and {f(x,)} are
bounded.
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Next, we estimate

Since

I tpr — tn = ﬁ [3m T($)ttnsrds — = =3 T(s)unds |
1 (Sp 1
[ Pttt ~ T alds + (=~ ) x
n+1 n+1 n

fosn T(s)u,ds + if::“ T(s)u,ds |l
=l J;" [T(S)ttns = T(S)un]
fosn [T(s)u, — T(s)plds + %fssnnﬂ [T(s)un, — T(s)plds |

|s Snls |Sn+1—5nl

S”un+1 un ”+M”un_p"+ullun_p”
(Sn+1)sn Sn+1

2 M

<l —up I + Iu, —p Il (3.10)
U, = Tril(xn + (SA*(TTIZ2 —DAx,) and Uy = (xXp41 + 04" (TF2

Tn+1

Sn+1

Tn+1

1)Ax,,1)- It follows from Lemma 2.5 that

s =t IS Xy = Xn + S[A° (T2, = DAXnay = A°(T57 = DAZ] |
F1 = I N G + 84T, = DAXner)
~(tns1 + 84" (Ty7, = DAXpi) |

<Il Xpiq — Xn + A ACtnsr — %) 1 +8 1 A NI Tr2, Axpyq — Tr2'Axy, |l
+6,,

1
< {ll xXppq — X 12— 268 1| Axpyq — Axn 124 82 11 A I*I xpqq — x5 11732
+6 1 AN Axpys = Ax Il + |1 ren At = Axpyr I} + 6y

<S(A-2501A1P+68%11A |I4)2 | X1 — X 1 +8 1A PN Xpyq — 2 |l
+5 1Al g, +6,
=1 =81AID) I xpe1 =X I+ WA NN Xpyy — 20 | +8 1 A Nl 0 + 6,

=l xp41 — X | +6 1 Al 0y + 6y, (3.11)
where
w = 1= 2 I T, Ay — A |
Tn+1
and
8 = 1= | N, Gl + 84T, = DAX2) = Conga + 84" (T2, = DA I
Tht1

Using (3.10) and (3.11), we have

ther — by IS Xpyq — x5 1 +8 1 A ll 0y + 6 + 2% Il u, —p . (3.12)
n

Next, we show that the sequence {x,} is asymptotically regular

Il X541

—xp I=0 @y f () + (1 — @ Pty — [ 1V f (Xn-1) + (1 — a1 P)tp 4] |l

=l anyf (xn) — an¥Vf (Xn-1) + ¥V f (Xn-1) — X1V f (Xn-1)

FA—anP)ty — (1 —anP)ty 1 + (1 —an P)typ-s — (1 —ap 1Pty |

< apya Il Xn — Xp-1 I +V|an - an—ll I f(xn—l) I+ 7= an)P Il th —th—1 I
+|an - an—ll Il Ptn—l Il,

S apya ll xy — xp—1 |l

+(1 + V)lan - an—lIKl + (1 - anV) I th —th—1 I (3.13)
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where K; = sup{ll f(x,) Il +Il Pt,, lI:n € N} < oo. It follows from (3.12) and (3.13) that
” Xn+1 — Xn ”S apya " Xn — Xn-1 " +(1 + V)lan - an—llKl + (1 - an?)[” Xn — Xn-1 ”
+S AN oy + 6, + 2'5’1‘S¢‘1I lu,_y—pll],
= (1 - an(]? - ya)) | xp — xp—q Il +(1 + V)lan - an—llKl
+A = D) [ 1 AN 0y + 6, + 2272l gy —p ]
< (1 - Oln(}7 - ya)) ” Xn — Xn-1 ” +(1 + V)lan - an—llKl
+SIAI an+6n+2|5”_sl‘1lll Uy 1=l

= -an(—va) l xp —xp 1 I +(X +y)|an — an_1|Ky
+E AN 1= 2| Ky + |1 = 2| K 4 2Bt (3.14)
n+1 Tn+1 Sn
where K, = sup{ll (TTIZ2 —DAx, ll:n € N}, K3 = sup{ll u, —x, + A*K, I:m € N} and
K, = sup{ll u, —p ll:n € N}. Setting K = max{K;, K, K3, K,}. It follows from (3.14) that
I Xn+1 ~ Xn I< (1 - an(y - )/CZ)) I Xn ~ Xn-1 I

+k (|1 = 2]+ 2=t (1 4 ) — (3.15)
Tn+1 Sn
Hence by Lemma 2.7 and (i)-(iii), we have
Tim Il g — 2%, 1= 0. (3.16)

Now, Xp41 — Xn = @n¥Vf(xn) + (I — a,P)t, — xp

= an(Vf(xn) —xp) + (I — anP)(tn — x5).
Since || xp41 — %, I 0 and a, - 0 as n — oo, we obtain
lim |l t, —x, I=0. (3.17)
n—->oo

Next, we have
I T(5)2tn = X 1=N T(8)on = T(8) = [ T(S)unds + T(s) = J;" T(s)unds
—ifosn T(s)u,ds + ifos” T(s)u,ds — x, |l
< T($)xn = T(8) = J3" T(S)unds I
HI T(S) = J;" T(S)unds — = [} T(s)unds |
+]l ifosn T(s)u,ds — x, |l
<l sty = - g T(S)unds |
HI T(S) = J;" T(S)unds — = [} T(s)unds |
+II ifosn T(s)u,ds — x, |
<2lx,— Sifosn T(s)u,ds |

+1I T(s)i S T(s)unds — i S T(s)unds . (3.18)

Since {x,} and {f(x,)} is bounded. Let K:={weC:lw—p <l x,—p "'7—1)/(1 I

vf(p) — Pp lI}, then K is nonempty bounded closed convex subset of C which is T(s)-
invariant for each 0 < s < o and contains {x,}. So without loss of generality, we may assume
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that S:={T(s): 0 < s < o0} is nonexpansive semigroup on K. By Lemma 2.3, we have
lim | T(s) = Jy" T($)tnds — — [3" T(s)unds II= 0. (3.19)

Using (3.10)-(3.12), we obtain
lim || T(s)x, —x, 1= 0. (3.20)
n—-oo

It follows from (3.6) and Lemma 2.6 (i) that
I Xn+1 — P ”2=” anyf(xn) + (1 - anp)tn -p ”2
=l an(vf(xn) — Pp) + (I — ap,P)(t, — p) 112
<l (1 - anp)(tn - P) ”2+ Zan<yf(xn) - Pp, Xn+1 — P)
S (A —ap?)? Ity —p 1P+ 20, 1 vf (x2) = Pp Il Xpyqy — I
= (I — an?)? N up —p 1124 20, 1 7f () = Pp Il Xy —p | (3.21)
< (1= an?)?[ll 2 — p 124+ 8(LS = 1) || (T2 — DAx, 1]
+2an 1 yf(xn) = Pp Il Xp4r —p |l
< 1= 2an7 + (@?)?] 1 2 = p 1P+ (1 = €u7)?8(LS = 1) 1| (T2 = DA, I
+2a 1 vf(xn) = Pp Il Xp4r —p |l
<l xp = p P4 any? Il 2y = p P+ (1 — any)?6(LS — 1) |l (Trl,:f — DAx, II?
+2a, 1 yf(xn) = Pp ll Xp41 —p |l

Therefore,
(1= an?)?8(1 = L) Il (T2 = DAx, I
<lx,—p I =ll X1 — 0 I?+ an7? ll x,, — p II?

+2a, 1 vf(xn) = Pp lll Xpyq —p |l
SUxy =2+l Xpsr =2 D) 1 X — Xpsq | 7?2 Il x,, — p II?

+2ay I Vf (xn) = Pp Il Xpipq —p .

Since §(1—-L6)>0, a,—0, Ilx,—¢t, 1= 0 and Il x,4.1 —x, = 0 as n — o, we
obtain
lim Il (T;2 — I)Axy, II= 0. (3.22)
n—->oo

Next, we show that || x,, —u, I 0 as n — oo. Since p € Fix(S) N T, we obtain
Ity = p I12=11 Ty Gty + SA™ (T2 = DAxy) = p 117
=1l Ty (x, + SA*(T52 — DAx,) — Tiip |12
< (un — P, Xn + SA*(T52 — DAx, — p)
=~ {luy —p I? +1l x, + SA*(Ty2 — D Axy, —p II?
—Il (un — p) — [xn + A" (T2 — DAx, — p] 1%}
= {1y —p 12 +1 X, = p 12 =l 2y, — X, — SA (T2 — Ay, 17}
= (= p I +1 2 — p 12— [l 2y — X, I

+82 |l A*(T}2 — D Axy 12— 28Uy — X0, A*(T52 — D Ax,)]}.

Hence, we obtain
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I up —p IP<ll Xy = p 112 =l Uy, — x5 124+ 28 | A(uy, — x3) NI Trff —DAx, |l

It follows from (3.21) and (3.22) that

Il Xn+1 — P ”2S (1 - anV)z[“ Xn—D ”2 = Un — Xpn ”2

+268 1| Aun — %) Wl T2 — ) Axy 1]

+2a, 1 yf(xp) = Pp Il Xpyq —p |l

= [1 —2any + (an]?)z] Il x, —p 12— 1- an?)z Il up — xp I

+2(1 — @n7)28 | Aty = %) Il T2 = DA, |

+2an 1 Yf(xn) = Pp lll Xpiq — p |

<l Xn —DP ”2+ anfz Il Xpn —DP ”2_ (1 - an?)z Il Up — Xpn ”2

+2(1 — an¥)?8 Il A(uy — x,) Il T2 — DAX, |

+2an 1 yf(xn) = Pp lll Xp4q —p .

Therefore,

(L —an?)? Uy — x50 I2<N x =0 12 =1l Xpq1 — P 1I?

+2(1 — a,7)?6 1l A(uy, — x) Ml Tanz — DAx, |l

+an)72 ” Xn—D ”2

+2a, 1 vf(xn) = Pp Il x40 —p |l

SWUxp=p l+l X1 =0 1D I Xy = X544 |

+2(1 — an¥)?8 Il A(uy — x,) Il T2 — DAX, |

+an)72 Il Xn —D ”2+ 2(1 - anf)ﬁn I Up — P i Xn — ty I

+2a, I yf(xn) = Pp ll Xp41 —p |l
Since a, =0, lx,—t, l1=0, | Triz —DAx, I- 0 and [l x40 —x, 1> 0 as n = o0, we
obtain

Tlll_r)go I u, —x, lI=0. (3.23)

Since, we can write
I T(s)ty, —x, IS T(S)t, = T(S)xy | +II T(S)xp — x5 1l
<Hty —xp I+ T(S)x, — x5 |l
- 0asn — oo.
Also, we have
I T(s)ty, =t ISIT(S)t, = T(S)x, | FN T(S)xy, — xp | +1l X, — &, I
Shty —xp N HIT(S)xy — x5 Il +Hll xp, — 2 |l
—>0asn — oo,
Next, we show that limsup((P —yf)z, x, —z) < 0, where z = Ppjxs)or({ =P +yf)z. To

n—-oo

show this inequality, we choose a subsequence {t, } of {t,} € K such that
limsup((P —yf)zt, —z) = lim((P — yf)z, th, — Z).
L—>00

n—oo
Since {t,,} is bounded, there exists a subsequence {t,, } of {t,,} which converges weakly to
]

some w € C. Without loss of generality, we can assume that ¢, — w.

Now, we prove that w € Fix(S) NT. Let us first show that w € Fix(S). Assume that
w & Fix(S5). Since t,, = w and T(s)w = w. From Opial’s condition (2.5), we have

liminf || t,, —w II< liminf || t,, — T(s)w I
1—>00 1—>00
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< limii_r}og{ll tn, = T(S)tp, | +I T(s)tn, = T()w I}
< liminf || t,, —w |,
which is a contradictl'igor?. Thus, we obtain w € Fix(S).
Next, we show that w € EP(F;). Since u, = Trilxn, we have
Fi(u,,y) +i(y — Uy, U, —X,) =0, Vy €C.
It follows from monotonicity of F; that
Y = U U = Xn) 2 Fy (9, Un)

and hence

Un;—Xn;

<y - u‘l’li’ > = Fl(y’ uni)-
U, ~Xn;

Since |l u, —x, Il 0 we get u,, =~ w and ——— — 0. It follows by Assumption 2.1 (iv) that

Tn
0=>F(w),VYweC. For t with 0<t<1 and yec(,let y,=ty+ (1—¢t)w. Since y €
C, weC,weget y, € C andhence F;(y;,w) < 0.So from Assumption 2.1 (i) and (iv) we have
0=Fuy) < tFi(yey) + (1 = OF s w)
< tFi (Ve y).

Therefore 0 < F;(y;,y). From Assumption 2.1 (iii), we have 0 < F;(w,y). This implies
that w € EP(Fy).
Next, we show that w € EP(F,). Since |lu, —x, - 0,u, =w as n— o and
{xn} is bounded, there exists a subsequence {x,,} of {x,} suchthat x, — w andsince A
is a bounded linear operator so that Ax,, — Aw.

Now setting v, = Axp, — Trl;;zkAxnk. It follows that from (3.22) that Ilim U, = 0 and
F;
Axp, — Vp, = TrnZkAxnk.
Therefore from Lemma 2.4, we have

Fy(Axy, — Vp,,2) + %(z = (Axp, — vy, ), (Axp, — vp, ) — Axy, ) =2 0,Vz € Q.
Since F, is upper semicontinuous in first argument, taking liminf to above inequality as k —
o and using condition (iv), we obtain
F,(Aw,z) =2 0,Vz € Q,
which means that Aw € EP(F,) and hence w €T.
Next, we claim that limsup(f(z) —zx, —z) <0, where z = Pgys)or(I —P +

n—->oo

yf)z. Now from (2.2), we have
limsup((P — yf)z — z,x, — z) = limsup((P — yf)z — z,t, — z)

n—oo n—-oo
< limsup((P —yf)z — z,t,, — 2)
[ Yo
=((P-vflz—zw—2)
<o0. (3.24)

Finally, we show that x, — z.
Il Xp41—2 2=l anyf(xn) + [(I — anP)t, — 2z 112
=l an(vf(xn) — Pz) + (I — @, P)(t, — 2) 112
<Ii (1 - anp)(tn - Z) ”2+ zan<yf(xn) — Pz, Xn+1 — Z)
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< (1 - anf)z I lh—Zz ”2+ Zany<f(xn) - f(Z)'xn+1 - Z)
+2a,(yf(2) — Pz, Xp41 — 2)

<A=—ay?)? Il x, — z 12+ 2a,7a Il Xy — 2 Ml Xpyq — 2 |l
+2a,(yf(2) — Pz, Xp41 — 2)

< (A= an?)? l xp — z 1P+ apyafll x, — z I +1l Xp4q — 2z 117}
+2a,(yf(2) — Pz,xp41 — 2)
<A-a)?llx,—zIPt+ayyallx,—zI1?+yva |l x4 — 2z I
+2a,(vf(2) — Pz,xp41 — 2).

This implies that
1-2ap¥+(an¥)+anya

| x40 — 2 II°< a Il x,, — 2z II?
Zan
—(vf(2) = Pz, Xp11 — 2)
2 n n
=[1—M]ux — z |24 2 ” I x, — z II2

1-ya

o Vf(2) = Pz, Xp4q — 2)
S [1 _ 2(]/ Va)an] ” x —z ”2 2()_/—)/6'{)6'{71

Zan

1—ya 1-ya
(antfz)M _
X {2()7—)/(1) e \Vf(2) = Pz,%n41 — 2)}
=1-=6) Il x,, — z 1>+ 8,04, (3.25)
= 72
where M= supfll ¥, =z IPin = 1}, 8, = =050 and 0, =SP4 o (rf(2) -

Pz,x,.1 —2). Since lima, =0 and Y;_, @, =0, it is easy to see that lim§, =0,
n—-oo

n—-oo

Yim—o 0n, = % and limsupo, < 0. Hence from (3.24), (3.25) and Lemma 2.7, we deduce that

n—-oo

X, — z. This completes the proof.
We have the following consequences of Theorem 3.1.

Corollary 3.1 [28] Let H be a real Hilbert space and let C € H be nonempty closed convex

subset. Assume that F:C X C = R be a bifunction satisfying Assumption 2.1 for F only. Let
= {T(s):0 < s < 00} be a nonexpansive semigroup on C such that Fix(S) N EP(F) =

Let f:C — C be a contraction mapping with constant «a € (0,1) and P be a strongly posmve

bounded linear operator on H with constant y > 0 such that 0 <y < <y + - Let {s,}

is a positive real sequence which diverges to +oo. For a given x, € C arb/trar/ly, let the
iterative sequences {u,} and {x,} be generated by

Uy = TF X

1 (Sn

Xnt1 = AV f (%) + (1 — anp);fo T(s)upds,
where 7, € (0,0) and {a,} isasequencesin (0,1) satisfying
(i) lima, =0 and Xy, &, = ;

n—-oo
(i) liminfr, >0, Xoi |The1 — Tul < 05
n—->oo

(iii)  lim Znazsel — o
n—oo Sn+1

Then the sequence {x,} converges strongly to z € Fix(S) N EP(F), where z = Pgix(s)nEp(r)
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(I—=P+yf)z.
Proof. Taking F; =F, =F, Hi = H, =H and A =0 in Theorem 3.1 then the conclusion of
Corollary 3.1 is obtained.

Corollary 3.2 Let H be a real Hilbert space and let C € H be a nonempty closed convex
subset. Let S = {T'(s):0 < s < 0} be a nonexpansive semigroup on C such that

Fix(S) = @. Let f:C — C be a contraction mapping with constant « € (0,1). Let {s,} isa
positive real sequence which diverges to +o. For a given x, € C arbitrarily, let the iterative
sequence {x,} be generated by

1 rsp
Xner = ¥ f () + (1= anP) - J;" T()xnds,
where {a,} beasequencein (0,1) satisfying the following conditions:
1. lima, =0 and X, @, = oo;

n—oo

2. lim
n—o  Sp+1

Then the sequence {x,} converges stronglyto z € Fix(S), where z = Pgiy(s)f (2).

[Sn+1—Snl - 0.

Proof. Taking Hy = H, = H, u, = x,,and F; = F, =0 in Theorem 3.1 then the conclusion of
Corollary 3.2 is obtained.

Corollary 3.3 Let H; and H, be two real Hilbert spaces andlet C < H; and Q < H, be
nonempty closed convex subsets. Let A: H, = H, be a bounded linear self adjoint operator.
Assume that F;:C X C = R and F,:Q X Q — R are the bifunctions satisfying Assumption 2.1
and F, is upper semicontinuous in first argument. Let T be a nonexpansive mapping on C
such that Fix(T)NT = @. Let f:C — C be a contraction mapping with constant a € (0,1)
and P be a strongly positive bounded linear operator on H; with constant y > 0 such that
0<y< E <y+ i For a given x, € C arbitrarily, let the iterative sequences {u,} and {x,}

be generated by
{un = T, (2t + SA™(Ty2 — ) Axy);
Xn+1 = AnVf(xn) + (1 — anP)Tuy,

where 7, € (0,) and & € (0,1/L), L is the spectral radius of the operator A*A and A" is
the adjoint of A and {a,} isasequencein (0,1) satisfying the following conditions:

(i) Ai_l;{)loan =0, Xn=o Ap =0; and X7 |apiq — ap| < ;.

(i) liminfr, >0, Y1 |Tne1 — Tl < ;.

n—-oo

Then the sequence {x,} converges strongly to z € Fix(T) N T, where z = Ppj(rynr(I — P +

Yf)z.

Proof. Taking T(s):=T, a nonexpansive mapping in Theorem 3.1 then the conclusion of
Corollary 3.3 is obtained.

Corollary 3.4 [26] Let H be a real Hilbert space and let C € H be a nonempty closed convex
subset. Assume that F:C X C — R be the bifunctions satisfying Assumption 2.1. Let T be a
nonexpansive mapping on C such that Fix(T) N EP(F) = @. Let f:C — C be a contraction
mapping with constant a € (0,1) and P be a strongly positive bounded linear operator on H

with constant y > 0 such that 0 <y < Z <y+ % For a given x, € C arbitrarily, let the
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iterative sequences {u,} and {x,} be generated by

Xni1 = @nf (&) + (1= @nP) = [ T(s)xnds,
where {a,} is a sequence in (0,1) satisfying lima,=0, Y ,a, =o; and
Ym=q |@ns1 — ay| < 00;. Then the sequence {x,} convergg:ostrongly to z € Fix(T) N EP(F),
where z = Pgiyrynepr)(I — P +vf)z.

Proof. Taking F; =F, =0, HH=H,=H, y=1, and P =1 in Theorem 3.1 then the
conclusion of Corollary 3.4 is obtained.

Corollary 3.5 [11] Let H be a real Hilbert space and let C S H be a nonempty closed convex
subset. Assume that F:C X C = R be the bifunctions satisfying Assumption 2.1. Let T bea
nonexpansive mapping on C such that Fix(T) N EP(F) = @. Let f:C — C be a contraction
mapping with constant a € (0,1). For a given x, € C arbitrarily, let the iterative sequences
{u,} and {x,} be generated by
{un = Trixn;
Xne1 = Anf () + (1 — ap)Tuy,
where 1, € (0,0) and {a,} isasequencein (0,1) satisfying the following conditions:
(i) Ai_r){)loan =0, Xnto @y =005 and XpLg |apyq — ap| < 0.
(i) limniilgorn >0, Xnz1 [T — Tl < oo
Then the sequence {x,} converges strongly to =z € Fix(T)NEP(F) , where z=
Peixrynepny (I — P +vf)z.

Proof. Taking F; =F,=F, HH=H,=H, y=1, P=1 and T(s):=T, a nonexpansive
mapping in Theorem 3.1 then the conclusion of Corollary 3.5 is obtained.

4 Numerical Example

Now, we give a numerical example which justify the main result Theorem 3.1.

Example4.1 Let H; = H, = R, the set of all real numbers, with the inner product defined by
(x,y) = xy,Vx,y € R, and induced usual norm |.|. Let C = [0,4+00) and Q = (—,0]; let
Fi:CXC—->R and F,:Q X Q — R be defined by F;(x,y) =x(y —x),Vx,y € C and

F,(w,v) = (u—2)(v—u),Vu,v € Q, let foreach x € R, we define f(x) = %x, A(x) = 71x,

e
and let, foreach x € C, T(s)x = Tooo X

Then it is easy to prove that the bifunctions F; and F, satisfy the Assumption 2.1 and F, is
e—S
1000
linear operator on R with adjoint operator A* and A is a bounded linear operator on R

upper semicontinuous and T(s)x = X is a nonexpansive semigroup and A is a bounded

with adjoint operator A* and |l A lI=Il A" lI= i. Furthermore, take y =1, a, = ﬁ and

following the steps of proof of Theorem 3.1, we obtain that {x,} converge stronglyto w =0 €
Fix(T) N T. Furthermore, the following figure shows the convergence behavior and comparison
of our proposed iterative method with the iterative method of (1.6) and (1.7) with the stopping
criteriais Il x, —p I< 107%.
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Figure: Convergence of {xn} for different initial values

Conclusion

In this paper, we have considered and studied the split equilibrium problem and fixed point
problem which includes the previously known one as special cases. The aim of present work is to
study the strong convergence theorem based on the modified viscosity iterative method for split
equilibrium and fixed point problems for a nonexpansive semigroup. The main result extends and
generalize the result of Plubtieng [27] and Cianciaruso et al. [28] for equilibrium problem into a

split equilibrium problem and fixed point problem for a nonexpansive semigroup.
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