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 Abstract 

This article introduces a class of algebraic structures, called eJU-algebras, as a natural extension of 

JU-algebras using structural hypotheses. The extension arises by replacing classical notion of a 

constant unit element in JU-algebras with a framework based on non-empty subsets, leading to a 

broader and more flexible algebraic model. We investigate fundamental properties of eJU-algebras 

and establish their theoretical foundation by deriving them from traditional JU-algebras. This 

extension not only enhances the structural richness of JU-algebras but also opens new directions 

for the development of algebraic systems beyond conventional constraints. 
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1. Introduction 

Theory of logical algebras were introduced by mathematician George Boole [1] in 1847 as a for- 

mal framework for reasoning and computation. The authors described completeness theorem and 

many more concepts and theorems on logical algebras. Imai and Iseki [2] in 1966 established some 

classes of logical algebras; one of them was BCK-algebras. After some time Iseki [3] in- troduced 

a different category of logical algebra referred to as BCI-algebras. Iseki has also given their 

properties as well. Hu and Li [4] in 1983, initiate a class of logical algebras which is BCH- algebras. 

Komori [5] introduced the idea of BCC-algebras, whereas Dudek [6] in 1992 re-defined the concept 

of the BCC-algebras, by applying dual form to common definition. Jun et al. [7] in 1998 presented 

the idea of BH-algebras; this is the generalization of BCK/BCH/BCI-algebra. For further overview 

about logical algebra one can see [8, 9, 10, 11]. Commutative groups of BCI alge- bras in specific 

instances such as Boolean algebras, NM-algebras, residuated lattices, BL-algebras, MTL-algebras, 

MV-algebras, BE-algebras, Hilbert-algebras and weak-R0 algebras are extensively studied. The 

researchers focused on the formulation of models of algebras for multiple-valued logics that are not 

commutative, such algebras are called extended algebraic structures. It in- spired us to construct 

the extended new BCK-algebras called sBCK/sBCI/ eBCK/eBCI-algebras that take into 

consideration. In this particular case, specifically, a new algebraic structure called sBCK/sBCI/ 

eBCK/eBCI-algebras are obtained from given BCI/BCK-algebras [12]. 

 

JU-algebra is the natural generalization of KU-algebra introduced by Prabpayak and Leerawat [13]. 

Many authors have conducted extensive research on KU-algebras in a variety of applica- tions 

including neutrosophic, fuzzy and intuitionistic, rough and soft sense, etc. The notion of JU-algebra 

was introduced by Ansari, et al. [14]. JU-algebra may rather be thought of as a pseudo KU-algebra. 

They analyzed the related characteristics of ideals of JU-algebras and p-closure of subsets as well 

as the p-closure of subset J that is not empty within the JU-algebra X. Romano [15] also discovered 

various new facts on JU-algerbas. Additionally some concepts of JU-algebras, JU-subalgebras, and 

JU-ideals are also defined in [16]. A few recent studies based on JU algebras structures are 

presented in [17] and [18]. 

 

As generalizations of the concepts of KU/UP-algebras, new concepts of eKU/sKU /eUP/sUP- 

algebras are proposed. These new extensions of algebras are then investigated for several related 

features, and it is demonstrated that the axioms of these new extensions are independent [19]. 

 

In this work, we originate the notion of an eJU-algebra, extending the framework of JU- algebras. 

Our focus involves the study of a subset A /= φ , within the eJU-algebras X , exploring the 

associated properties of subsets of eJU-algebras. Furthermore, we seek into the analysis of eJU- 

subalgebras, eJU-ideals and Minimals.  
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In this work, we introduce the concept of eJU-algebras as a meaningful extension of the classical 

JU-algebra framework. The core of our investigation centers on a non-empty subset A /= φ , within 

an eJU-algebra X through which we explore a range of structural and algebraic properties intrinsic 

to such subsets. Building on this foundation, we further examine the internal structure of eJU-

algebras by analyzing key components, including eJU-subalgebras, eJU-ideals, and minimal 

elements. This study not only broadens the theoreti- cal scope of JU-algebras but also provides a 

deeper understanding of their generalized forms and associated algebraic behavior. 

 

2. Preliminaries 

This section includes fundamental definitions of our related topics that help us to understand our 

main results and to prove the relevant results. 

 

Definition 2.1. A JU-algebra is defined as an algebra (X, ·, 1) with a binary operation · satisfying 

the following: 

(JU1) (γ.z).[(z.κ).(γ.κ)] = 1, ∀κ, γ, z ∈ X, 

(JU2) 1.κ = κ, for κ ∈ X, 

(JU3) κ.γ = γ.κ = 1 ⇒ κ = γ, ∀ κ, γ ∈ X. 

 

Definition 2.2. A KU-algebra (X, ·, 1) with · as single binary operation which satisfies the condi- 

tions ∀ κ, γ, z ∈ X. 

(KU1) (κ · γ)· [(γ · z) · (κ · z)] = 1, 

(KU2) κ · 1 = 1, 

(KU3) 1 · κ = κ, 

(KU4) κ · γ = 1 = γ · κ implies κ = γ. 

It is evident from the above definitions that JU-algebras are a specialized class of logical algebraic 

structures that provides a generalization of foundational framework of KU algebras. We will 

provide an extension of JU algebras. Extension of algebras means to extend the concept of algebras 

by giving different hypothesis and generalization to algebras by taking non-empty subsets instead 

of constants 1. 

 

3. Main Results 

We will precisely articulate the concept of eJU-algebras illuminating their algebraic properties and 

providing relevant examples. 
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Definition 3.1. An algebra (X, ·, A) is called an eJU-algebra, here X is non-empty set, · is single 

binary operation on X, and its non-empty subset satisfying the following properties: 

(eJU1) (γ.z).[(z.κ).(γ.κ)] ∈ A , ∀ κ, γ, z ∈ X, 

(eJU2) A.κ = {κ}, ∀ κ ∈ X, i.e. a.x = x, ∀a ∈ A, 

(eJU3) κ.γ ∈ A, γ.κ ∈ A implies κ = γ, ∀ κ, γ ∈ X \ A. 

 

Definition 3.2. Consider an eJU-algebra (X, ·, A) given in above definition. We define a relation 

”≤” in X given as γ ≤ κ iff κ.γ ∈ A, for κ ⊆ X \ A. 

Remark 3.1. Note that, whenever κ ≤ a for any a ∈ A, it implies a.κ = κ ∈ A (by Definition 3.2 

and eJU2). 

Throughout this article X will represent as eJU-algebra and A will represent as the subset of X with 

the binary operation · and special element 1 until specified. 

 

Remark 3.2. An eJU-algebra X and its non-empty subset A implies: 

Let κ ∈ A. Implies A.κ = {κ}, ∀κ ∈ A and A.κ ⊆ A. 

Also,∪ κ∈A A.κ = A and hence A.A = A. 

Now we will introduce some new lemmas related to our definitions and provide corresponding 

proofs. 

 

Lemma 3.1. A set (X, ≤) is a POSET if X is an eJU-algebra i.e, 

(eJ4) κ ≤ κ, 

(eJ5) κ ≤ γ, γ ≤ κ implies κ = γ, 

(eJ6) κ ≤ z, z ≤ γ implies κ ≤ γ. 

 

Proof. Taking γ ∈ A and z ∈ A in eJU1, we can see that, 

(A.A).[(A.κ).(A.κ)] ⊆ A ⇒ A.(κ.κ) ⊆ A ⇒ κ.κ ∈ A, by using eJU2. 

It gets, κ ≤ κ and the condition eJ4 is proved. 

 

As its given: κ ≤ γ and γ ≤ κ which implies γ.κ ∈ A and κ.γ ∈ A respectively. 

Now using eJU3: κ ≤ γ and γ ≤ κ ⇒ κ = γ and hence eJ5 is proved. 
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As we know: κ ≤ z implies z.κ ∈ A and z ≤ γ implies γ.z ∈ A,  showing that γ.κ ∈ A. 

From (eJU1); (z.κ).(γ.κ) ≤ γ.z because z.κ ∈ A, using eJU2, implies (γ.z).(γ.κ) ∈ A. 

Similarly, γ.κ ∈ A because γ.z ∈ A. 

This implies κ ≤ γ, yields eJ6 is proved. 

Lemma 3.2. An eJU-algebra X satisfies following inequalities ∀κ, γ, z ∈ X: 

(eJ7) κ ≤ γ ⇒ γ.z ≤ κ.z, 

(eJ8) κ ≤ γ ⇒ z.κ ≤ z.γ, 

(eJ9) (z.κ).(γ.κ) ≤ γ.z, 

(eJ10) (γ.κ).κ ≤ γ. 

 

Proof. Putting κ = z and z = κ in eJU1 (γ.κ).[(κ.z).(γ.z)] ∈ A. 

Since κ ≤ γ implies γ.κ ∈ A. 

By using eJU2: (γ.κ).[(κ.z).(γ.z)] = (κ.z).(γ.z) ∈ A ⇒ γ.z ≤ κ.z means eJ7 is proved. 

As we know that; κ ≤ γ ⇒ γ.κ ∈ A. 

Putting γ = z and z = γ in eJU1. (z.γ).[(γ.κ).(z.κ)] ∈ A. Since γ.κ ∈ A, So using eJU2: 

(γ.κ).(z.κ) = (z.κ) ⇒ (z.γ).(z.κ) ∈ A ⇒ z.κ ≤ z.γ, eJ8 is proved. 

From eJU1, it implies that [(z.κ).(γ.κ)] ≤ (γ.z), eJ9 is proved. 

Putting z = γ and γ ∈ A in eJU1: (γ.γ)[(γ.κ).(γ.κ)] ∈ A. Using eJU2: γ.γ = γ and γ.κ = κ implies 

that: γ.[(γ.κ).κ] ∈ A ⇒ (γ.κ).κ ≤ γ ⇒ eJ10 is proved. 

 

Lemma 3.3. An eJU-algebra X satisfying, for any κ, γ, z ∈ X. 

(eJ11) κ.κ ∈ A, 

(eJ12) [(z.κ).κ] ≤ z, 

(eJ13) z.(γ.κ) = γ.(z.κ), 

(eJ14) X is KU-algebra, if (κ.γ).γ = 1, 

(eJ15) κ.α1 = κ.α2 for all α1, α2 ∈ A, 

(eJ16) (γ.κ).A = (γ.A).(κ.A). 

 
 
Proof. The proof of eJ11 is similar to the proof of eJ4. 

For eJ12, take γ = a ∈ A in eJU1, we get, (a.z).[(z.κ).(a.κ)] ∈ A. 

By using eJU2, z.[(z.κ).κ] ∈ A. Implies, 

 

[(z.κ).κ] ≤ z. (1) 
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As (eJ7) is: κ ≤ γ implies γ.z ≤ κ.z. 

Let z = γ.κ and using eJ7 and (1): 

 

(z.(γ.κ)) ≤ ((z.κ).κ).(γ.κ). (2) 

 

Replacing z with (z.κ) in eJU1: (γ.(z.κ)).[((z.κ).κ).(γ.κ)] ∈ A. 

 

[((z.κ).κ).(γ.κ)] ≤ (γ.(z.κ)). (3) 

As (eJ6) is: κ ≤ z, z ≤ γ imply κ ≤ γ. 

From (2) , (3) and by using eJ6: 

 

z.(γ.κ) ≤ γ.(z.κ). (4) 

 

Replacing γ and z with z and γ respectively, 

 

γ.(z.κ) ≤ z.(γ.κ). (5) 

 

As (eJ5) is: κ ≤ γ, γ ≤ κ imply κ = γ. 

From (4) , (5) and by using eJ5: z.(γ.κ) = γ.(z.κ) ⇒ eJ13 is proved. 

Since every JU is an eJU with A = {1}. 

To prove eJ13 we only have to show: κ.1 = 1, ∀κ ∈ X . 

Let z = κ, γ = 1 and κ = γ in eJU1, it gives (1.κ).[(κ.γ).(1.γ)] = 1. 

 

κ.[(κ.γ).γ] = 1. (6) 

 

We have given that (κ.γ).γ = 1, putting in 6: κ.1 = 1, eJ14 is proved. 

For any two elements α1, α2 ∈ A. The elements α1.α2 and α2.α1 ∈ A. By 

(eJU1) and (eJU2); (κ.α1).(κ.α2) = (κ.α1).[(α1.α2).(κ.α2)] ∈ A. 

Similarly, (κ.α2).(κ.α1) = (κ.α2).[(α2.α1).(κ.α1)] ∈ A. 

Now by eJ5; κ.α1 = κ.α2 ⇒ eJ15 is proved. 

Taking any element a ∈ A. 

(γ.a).(κ.a) = (γ.a).[κ.((γ.κ).(γ.κ))] (by eJ11 and eJ15) 

= (γ.a).[(γ.κ).(κ.(γ.κ))] (by eJ13) 

= (γ.κ).[(γ.a).(κ.(γ.κ)))] 

= (γ.κ).[(γ.a).(γ.(κ.κ))] 

= (γ.κ).[(γ.a).(γ.a)] 

= (γ.κ).a (L.H.S), eJ16 is proved. 
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Theorem 3.1. If (X, ·, 1) is a JU-algebra, then (X, ·, {1}) is an eJU-algebra but converse is not 

true. 

Remark 3.3. Therefore eJU strictly generalizes JU; Example 3.2 shows the containment is proper. 

Example 3.1. Consider X = {1,2,3} is a set where · is described in the following table: 

We take γ = 1, κ = 2, z = 3. 

(JU1) (γ.z).[(z.κ).(γ.κ)] = 1. 

By putting values, we have = (1.3).[(3.2).(1.2)] = 3.(1.2) = 3.2 = 1. 

Hence (JU1) is satisfied. 
 

· 1 2 3 

1 1 2 3 

2 1 1 2 

3 1 1 1 

 

Checking for (JU2); 

(JU2): 1.κ = κ 

For set X we can see that: 1.1 = 1; 1.2 = 2; 1.3 = 3. 

Hence (JU2) is satisfied. 

Lets see (JU3); 

(JU3): κ.γ = γ.κ = 1 implies κ = γ. 

For κ = 1 = γ, we have: 1.1 = 1. 

For κ = 2 = γ, we have: 2.2 = 1. 

For κ = 3 = γ, we have: 3.3 = 1. 

Hence (JU3) is satisfied. 

After checking X for all possible subsets, we have come to know that X is a JU-algebra. Hence 

every JU-algebra is an eJU-algebra if we take A = {1}. 

 

Now we will show that not every eJU-algebra is a JU-algebra. 

 

Example 3.2. Consider X = {1,2,3} is a set where · is described in the following table: 

Let A = {1, 2} 
 

· 1 2 3 

1 1 2 3 

2 1 2 3 

3 1 2 1 

We take γ = 2, κ = 2, z = 3. 
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Since (eJU1) (γ.z).[(z.κ).(γ.κ)] ∈ A. 

By putting values, we have: = (2.3).[(3.2).(2.2)] = 3.(2.2) = 3.2 = 2 ∈ A 

Hence (eJU1) is satisfied. 

Checking for (eJU2); 

(eJU2): A.κ = {κ}, ∀κ ∈ X, 

By putting values, we have 

1.2 = 2; 2.2 = 2 which equals to κ. 

Hence (eJU2) is satisfied. 

Checking for (eJU3); 

 

(eJU3): κ.γ ∈ A, γ.κ ∈ A implies κ = γ, 

For κ = 2 and γ = 2, we have 2.2 = 2 ∈ A. 

Hence (eJU3) is satisfied. 

After checking X for all the possible subsets, we have come to know that X is an eJU-algebra. 

Now we will check if X is a JU-algebra or not? 

We take γ = 2, κ = 2, z = 3. 

(JU1) (γ.z).[(z.κ).(γ.κ)] = 1. 

By putting values, we have: = (2.3).[(3.2).(2.2)] = 3.[2.2] = 3.2 = 2 which does not equals to 1. 

Hence proved that it is not a JU-algebra. 

 

5. eJU-Ideals and minimals 

 

Here we will discuss the concept of eJU-subalgebras, eJU-ideals and minimals with their related 

algebraic properties. 

 

Definition 4.1. An eJU-subalgebra of X is defined as J /= φ subset of set X satisfying γ.κ ∈ J, for 

all κ, γ ∈ J. 

 

Definition 4.2. A p-semisimple eJU-algebra is an eJU-algebra X satisfying (κ.A).A = {κ}, forall 

κ ∈ X. A minimal element is an element j of X satisfying κ ≤ j implies κ = j, ∀κ ∈ X. 

The branch of j for a minimal element j ∈ X, denoted as K( j) and described as K( j) := {κ ∈ 

A|κ ≥ j}. 

The set BA = {κ ∈ X |κ.A = A} is called the eJU-part of X. 

 

Definition 4.3. Suppose X is an eJU-algebra with a subset J /= φ in it, is eJU-ideal if; 

i) A ⊆ J, 

ii) κ.γ, κ ∈ J implies γ ∈ J, ∀κ, γ ∈ X. 
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Example 4.1. From eJU 1, we can see that (X, ·, 1) is an eJU-algebra. 

Now lets see the eJU-ideals of X. 

Let R = {1, 2} be an ideal. Then κ, κ.γ imply γ ∈ J, ∀κ, γ ∈ X. 

 

Proof. J = {1, 2, 3} 

1.2 = 2 ∈ J, 2.1 = 1 ∈ J, 1.1 = 1 ∈ J, 2.2 = 2 ∈ J. 

Hence the given condition holds. 

Now let S = {1, 3}: 

(i) S ⊆ J, 

Proof. Obvious. 

(ii) κ, κ.γ imply γ ∈ J, ∀κ, γ ∈ X. 

Proof. J = {1, 2, 3} 

1.3 = 3 ∈ J, 3.1 = 1 ∈ J, 1.1 = 1 ∈ J, 3.3 = 1 ∈ J. 

Hence (ii) is satisfied. 

We can see that R = {1, 2} and S = {1, 3} are eJU-ideals of X. 

 

Definition 4.4. A p-ideal of the set X is a subset J of an eJU algebra X satisfying: A ⊆ J and 

γ, (z.γ).(z.κ) ∈ J implies κ ∈ J ∀κ, γ, z ∈ X and A ⊆ X. 

Now we will discuss some additional lemmas associated with our definitions providing appro- priate 

proofs to enhance the depth of our argument. 

 

Lemma 4.1. Consider X is an eJU-algebra. Suppose κ, γ ∈ X. Then 

i) ((γ.κ).κ)n.κ = γn.κ for n ∈ N. 

ii) (κn.A).A = (κ.A)n.A for n ∈ N. 

Proof. i) Using induction method to prove these statements. 

For n = 0, it’s true. 

Suppose it’s true for n = k. 

i.e ((γ.κ).κ)k.κ = γk.κ for any k ∈ N. 

Now 

((γ.κ).κ)k+1.κ 

= (γ.κ).κ.((γ.κ).κ)k.κ 

= (γ.κ).κ.γk.κ 

= γk.((γ.κ).κ.κ) , by using eJ12 

= γk.(γ.κ) , by using eJ11 
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= γk+1.κ. 

So, this equality also applies to n = k + 1. ((γ.κ).κ)n.κ = γn.κ for n ∈ N.  

ii) Without any loss of generality, Suppose that n ≥ 1. Now using the left distribution law on 

(κn.A).A = κ.(κn−1.A).A.  

We get, 

(κn.A).A = (κ.A)(κn−1.A).A 

= (κ.A)2(κn−2.A).A= (κ.A)3(κn−3.A).A = ... = (κ.A)n.A. 

 

Theorem 4.1. The following properties are equivalent, consider X is an eJU-algebra and j ∈ X. 

i) j is minimal; 

ii) ( j.A).A = { j}; A ⊆ X 

iii) there is κ ∈ X st { j} = κ.A; A ⊆ X. 

 

Proof. First prove (ii) by using (i), 

By putting γ ∈ A, z = j, κ ∈ A in eJU1, 

We get; (A. j).[( j.A).(A.A)] ⊆ A 

j.[( j.A).A] ⊆ A, by using eJU2. 

Since j is minimal if κ ≤ j implies κ = j 

Here {κ} = ( j.A).A. 

∀a ∈ A, ( j.a).a ≤ j implies ( j.a).a = j. 

Now proving (i) by using (iii), 

Given that: { j} = κ.A for an κ ∈ X. 

For γ ∈ X , if j.γ ∈ A, then (κ.a).γ ∈ A. 

For all a ∈ A, we have; 

γ. j = γ.(κ.a) 

= γ.(((κ.a).a).a), using eJ10 

= ((κ.a).a).(γ.a), using eJ12 

= ((κ.a).γ)a, 

= a.a = a, since (κ.a).γ ∈ A. 

Thus γ. j ∈ A. 
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Additionally, j.γ ∈ A. Using eJU3, we get γ = j. Hence j is a minimal element of X . Now proving 

(iii) using (ii)., By hypothesis, { j} = ( j.A).A. Assume that j.A = {κ} for some κ ∈ X, A ⊆ X 

⇒ { j} = κ.A for some κ ∈ X , here {κ} = j.A. Hence { j} = κ.A. 

 

 

5. Conclusion 

In this work, we defined the extension of JU algebras where we opted for a non-empty subset in 

place of special element 1. We established a relation ≤ within the set X and also specified that for 

any element κ in the set A, we have A.κ = {κ}. We presented a lemma concerning partially ordered 

sets (POSET) in eJU algebras, outlining certain properties, and demonstrate the validity of these 

properties with the help of axioms of eJU algebras. We state certain inequalities and specify the 

condition under which X qualifies as a KU algebra. We also study the conditions where the JU 

algebra is an eJU algebra but the converse does not exist. We introduced p-semisimple eJU 

algebras, eJU-ideals, eJU-subalgebras, minimals and p-ideals in eJU algebras defining their alge- 

braic properties. This extension represents a new approach to the previously established concept of 

JU-algebras. 
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